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MULTIPLICITY-FREE PRIMITIVE IDEALS ASSOCIATED WITH
RIGID NILPOTENT ORBITS
ALEXANDER PREMET
Dedicated to Evgenii Borisovich Dynkin on the accasion of his 90th birthday
Abstract. Let G be a simple algebraic group over C. Let e be a nilpotent element
in g = Lie(G) and denote by U(g, e) the finite W -algebra associated with the pair
(g, e). It is known that the component group Γ of the centraliser of e in G acts on
the set E of all one-dimensional representations of U(g, e). In this paper we prove
that the fixed point set EΓ is non-empty. As a corollary, all finite W -algebras asso-
ciated with g admit one-dimensional representations. In the case of rigid nilpotent
elements in exceptional Lie algebras we find irreducible highest weight g-modules
whose annihilators in U(g) come from one-dimensional representations of U(g, e)
via Skryabin’s equivalence. As a consequence, we show that for any nilpotent orbit
O in g there exists a multiplicity-free (and hence completely prime) primitive ideal
of U(g) whose associated variety equals the Zariski closure of O in g.
1. Introduction
Denote by G a simple algebraic group of adjoint type over C with Lie algebra
g = Lie(G) and let X be the set of all primitive ideals of the universal enveloping
algebra U(g). We shall occasionally identify g and g∗ by means of an (AdG)-invariant
non-degenerate symmetric bilinear form of g. Given x ∈ g we denote by Gx the
centraliser of x in G and set gx := Lie(Gx).
It is well known that for any finitely generated S(g∗)-module R there exist prime
ideals q1, . . . , qn containing AnnS(g∗)R and a chain 0 = R0 ⊂ R1 ⊂ . . . ⊂ Rn = R
of S(g∗)-modules such that Ri/Ri−1 ∼= S(g
∗)/qi for 1 ≤ i ≤ n. Let p1, . . . , pl be the
minimal elements in the set {q1, . . . , qn}. The zero sets V(pi) of the pi’s in g are the
irreducible components of the support Supp(R) of R. If p is one of the pi’s then we
define m(p) := {1 ≤ i ≤ n | qi = p} and we call m(p) the multiplicity of V(p) in
Supp(R). The formal linear combination
∑l
i=1m(pi)[pi] is sometimes referred to as
the associated cycle of R and denoted AC(R).
For any I ∈ X we can apply the above construction to the S(g∗)-module R =
S(g∗)/gr(I) where gr(I) is the corresponding graded ideal in gr(U(g)) = S(g) ∼= S(g∗).
The support of S(g∗)/gr(I) in g is called the associated variety of I and denoted
VA(I). We refer to [23, Section 9] for more detail on supports and associated cycles.
By Joseph’s theorem, VA(I) is the closure of a single nilpotent orbit O in g. In
particular, it is always irreducible. Therefore, in our situation the set {p1, . . . , pl} is
the singleton containing J :=
√
gr(I) and we have that AC
(
S(g∗)/gr(I)
)
= m(J)[J ].
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The positive integer m(J) is often referred to as the multiplicity of O in U(g)/I and
denoted multO(U(g)/I).
Given a nilpotent orbit O in g we denote by XO the set of all I ∈ X with VA(I) = O.
We call I ∈ XO multiplicity free if multO(U(g)/I) = 1 and we say that I is completely
prime if U(g)/I is a domain. In type A all completely prime primitive ideals of U(g)
are classified by Mœglin in [35], but for simple Lie algebras g 6∼= sln of rank ≥ 3 the
problem is wide open, in general. Classification of completely prime primitive ideals
of U(g) is an important problem of Lie Theory which finds applications in the theory
of unitary representations of complex Lie groups; see [25] and [45] for motivation and
detail. This subject has a very long and rich history and many partial results can be
found in the literature. In particular, it is known that any multiplicity-free primitive
ideal is completely prime and that the converse may fail outside type A for simple Lie
algebras of rank ≥ 3. A description of multiplicity-free primitive ideals in classical
Lie algebras was very recently obtained in [42], but even in this case many interesting
problems remain open.
If O = {0} then the set XO consists of all primitive ideals of finite codimension
in U(g). So, if I ∈ X{0} then U(g)/I is a full matrix algebra by Schur’s lemma.
Since Matn(C) is a domain if and only if n = 1, the only completely prime ideal
in X{0} is the augmentation ideal of U(g). From now on we assume that O is a
nonzero nilpotent orbit in g. Let {e, h, f} be an sl2-triple in g with e ∈ O and let
U(g, e) = (EndgQe)
op be the finite W -algebra associated with (g, e). This algebra
will be discussed in more detail in Section 2 and here we just mention that Qe is a
generalised Gelfand–Graev module associated with {e, h, f}. We have started with
the case of the zero orbit because the general case is rather similar albeit technically
much more involved. Since it is hard to deal with U(g) directly in the general case,
it is sometimes convenient to use U(g, e) as a stepping stone. As various objects of
interest related to the primitive quotients U(g)/I with I ∈ XO turn out to be finite
dimensional U(g, e)-modules, this in a sense brings us back to the case where O = {0},
the difference being that the role of U(g) is played by U(g, e) now.
If V is a finite dimensional irreducible U(g, e)-module, then Skryabin’s theorem in
conjunction with [37] implies Qe⊗U(g, e)V is an irreducible g-module and its annihilator
IV in U(g) lies in XO. Conversely, any primitive ideal in XO has this form for some
finite dimensional irreducible U(g, e)-module V ; see [30, 39, 18]. The ideal IV depends
only on the image of V in the set IrrU(g, e) of all isoclasses of finite dimensional
irreducible U(g, e)-modules. We write [V ] for the class of V in IrrU(g, e).
By the Dynkin–Kostant theory, the algebraic group C(e) := Ge ∩ Gf is reductive
and its finite quotient Γ := C(e)/C(e)◦ identifies with the component group of the
centraliser Ge. From the Gan–Ginzburg realization of U(g, e) it follows that C(e) acts
on U(g, e) by algebra automorphisms. Since the connected component C(e)◦ preserves
any two-sided ideal of U(g, e), by [37], we have a natural action of Γ on IrrU(g, e).
For V as above, we let ΓV denote the stabiliser of [V ] in Γ. Confirming the author’s
conjecture, Losev proved in [31] that IV ′ = IV if an only if [V
′] = γ[V ] for some
γ ∈ Γ. In particular, dimV = dim V ′. This result implies that multO(U(g)/IV ) =
[Γ : ΓV ] · (dimV )
2. As a consequence, a primitive ideal IV is multiplicity free if and
only if dim V = 1 and ΓV = Γ.
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By Goldie theory, the prime Noetherian ring U(g)/IV admits a ring of fractions
isomorphic to Matn(D) for some division algebra D and a positive integer n which
coincides with the Goldie rank of U(g)/IV . Moreover, it is well known that IV is
completely prime if and only if n = 1. Since n divides dimV by the main result of
[40], any primitive ideal IV ∈ XO for which dim V = 1 is completely prime. This
brings our attention to the set E of all one-dimensional representations of U(g, e)
and its subset EΓ consisting of all C(e)-stable such representations. Since E identifies
with the maximal spectrum of the largest commutative quotient U(g, e)ab of U(g, e),
it follows that E is an affine variety and EΓ is a Zariski closed subset of E.
In [37], the author conjectured that E 6= ∅ for any nilpotent element of g. This
conjecture attracted a considerable amount of interest in the past few years. In [30],
Losev proved that EΓ 6= ∅ for g classical, but realised later that this also followed
from earlier work of R. Brylinski [7]. Both Brylinski and Losev rely on the classical
work of Kraft and Procesi on nilpotent orbit closures in orthogonal and symplectic
Lie algebras. In [39], the author computed the dimension of E under the assumption
that the conjecture holds for all proper Levi subalgebras of g and reduced proving
the conjecture to the case of rigid nilpotent elements, i.e. those nilpotent elements
of g that cannot be obtained by Lusztig–Spaltenstein induction from proper Levi
subalgebras of g. It turned out that if the conjecture is true, then E is a finite set
if and only if e is rigid. Now if e is rigid and g is classical then ge = [ge, ge] by [46],
whilst if g is exceptional then either ge = [ge, ge] or ge = Ce⊕ [ge, ge] and the second
case occurs just for one rigid orbit in types G2, F4, E7 and for three rigid orbits in type
E8; see [12]. On the other hand, in [42] it is proved that for any simple Lie algebra
g the equality ge = [ge, ge] implies that E is either empty or contains one element.
Putting all this together we see that for any rigid nilpotent element in a classical
Lie algebra the set E = EΓ is a singleton, whilst for g exceptional the inequality
|E| ≥ 2 may occur only for six rigid nilpotent orbits. Finally, if g is classical and e
is rigid and special in the sense of Lusztig, then it follows from [34] that one of the
Duflo realisations of the multiplicity-free primitive ideal in XO is obtained by using
the Arthur–Barbasch–Vogan recipe; see [2].
The case of rigid nilpotent orbits in exceptional Lie algebras was investigated by
Goodwin–Ro¨hrle–Ubly by computational methods. In [19], it was shown with the help
of a specially designed GAP programme that the conjecture holds for all rigid orbits
in types G2, F4, E6 and E7 and for a handful of small rigid orbits in type E8. After [19]
was submitted Ubly improved the programme and was able to verify the conjecture
for all rigid orbits excepting the three largest ones in type E8; see [44]. Incidentally,
one of the orbits he excluded was used as an example by Losev who showed in [32]
that the corresponding finite W -algebra admits a one-dimensional representation and
found a Duflo relaisation of the corresponding primitive ideal in XO.
At this point we should mention that when (and if) the programme used in [19, 44]
terminates, it outputs all one-dimensional representations of U(g, e) along with some
numerical data, but provides no information on Duflo realisations of the corresponding
primitive ideals in XO. Curiously, it turned out that in all cases considered in [19]
the algebras U(g, e) possessed either 1 or 2 one-dimensional representations. More
precisely, the case of two representations occurs for nilpotent orbits labelled A˜1, A˜2+
A1, (A3 + A1)
′ and A3 + A1 in Lie algebras of type G2, F4, E7 and E8, respectively. At
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the end of his thesis, Ubly predicts that the finiteW -algebras of type E8 corresponding
to the undecided orbits with Dynkin labels A5 + A1 and D5(a1) + A2 should afford
at least 2 one-dimensional representations. Not surprisingly, the six Dynkin labels
above correspond to the rigid orbits O with the property that ge = Ce ⊕ [ge, ge] for
any e ∈ O. We conjecture that these are precisely the rigid nilpotent orbits O for
which the Zariski closure O is not normal in g; see Remark 5.2 for more detail.
The main result of this paper is the following:
Theorem A. Let e be any nilpotent element in a finite dimensional simple Lie algebra
g over C. Let E be the set of all one-dimensional representations of U(g, e) and denote
by EΓ the subset of E consisting of all elements fixed by the action of Γ. Then the
following hold:
(1) EΓ 6= ∅.
(2) If e is rigid then E = EΓ.
(3) If e is rigid then E has one element if and only if ge = [ge, ge].
We also show, for e rigid, that the one-dimensional representations of U(g, e) are
separated by the action of the image of a Casimir element in U(g, e). As we explained
earlier, Theorem A implies that each set XO contains a multiplicity-free primitive
ideal.
Let T be a maximal torus of G and t = Lie(T ). Let Φ be the root system of g
with respect to T and let Π be a basis of simple roots in Φ. All multiplicity-free
primitive ideals I constructed in this paper are given in their Duflo realisations, i.e.
presented in the form I = I(λ) := AnnU(g) L(λ) for some irreducible highest weight
g-modules L(λ) with λ ∈ t∗. It is well known that if 〈λ, α∨〉 ∈ Z for all α ∈ Π then
VA(I) is the closure of a special nilpotent orbit in g. One also knows that to any
sl2-triple {e, h, f} in g with e special there corresponds an sl2-triple {e
∨, h∨, f∨} in
the Langlands dual Lie algebra g∨ with h∨ ∈ t∗. As Barbasch–Vogan observed in
[2], for e special and rigid there is a unique choice of h∨ such that 〈1
2
h∨, α∨〉 ∈ {0, 1}
for all α ∈ Π. Furthermore, in this case we have that VA(I(1
2
h∨ − ρ)) = O where ρ
is the half-sum of the positive roots with respect to Π and O is the nilpotent orbit
containing e; see [2, Proposition 5.10]. Our computations in conjunction with earlier
results obtained in [34] and [32] imply the following:
Theorem B. Let O be a nilpotent orbit in a finite dimensional simple Lie algebra g
over C. Suppose further that e ∈ O is special and rigid and let h∨ ∈ t∗ be as above.
Then I(1
2
h∨ − ρ) is the only multiplicity-free primitive ideal in XO.
In the forthcoming paper [41] Theorem A will be applied for proving Humphreys’
conjecture [20, p. 110] on representations of minimal dimension for reduced enveloping
algebras associated with Lie algebras of reductive groups over fields of characteristic
p > 0. Thanks to Theorem A and [40, Theorem 1.4] this conjecture is now confirmed
for p≫ 0 but, of course, one wants an explicit bound on p here. We shall also deter-
mine the number of one-dimensional representations of U(g, e) for all rigid nilpotent
elements in g.
Acknowledgements. Part of this work was done during my stay at RIMS (Kyoto)
and MSRI (Berkeley) in the first half of 2013. I would like to thank both institutions
for warm hospitality, excellent working conditions and support. I would like to express
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2. Preliminaries and recollections
2.1. Denote by G a simple, simply connected algebraic group over C and let g =
Lie(G). Given x ∈ g set Gx := {g ∈ G | (Ad g) x = x} and gx = {y ∈ g | [x, y] = 0},
so that gx = Lie(Gx). Let {e, h, f} be a non-trivial sl2-triple in the Lie algebra g
and denote by ( · , · ) a non-degenerate G-invariant bilinear form on g. Let χ ∈ g∗ be
such that χ(x) = (e, x) for all x ∈ g. It is well known that e is a G-unstable vector
of g (in the sense of geometric invariant theory) and admits an optimal cocharacter
τ : C× → G such that (dτ)(1) = h. The adjoint action of τ(C×) gives g a graded
Lie algebra structure, g =
⊕
i∈Z g(i), and it follows from sl2-theory that e ∈ g(2)
and ge ⊂
⊕
i≥0 g(i). From this it follows that the linear function χ induces a non-
degenerate skew-symmetric bilinear form on the graded subspace g(−1) given by
〈x, y〉 = (e, [x, y]) for all x, y ∈ g(−1). Also, ge =
⊕
i≥0 ge(i) where ge(i) := ge ∩g(i).
Let U(g, e) denote the enveloping algebra of the Slodowy slice e + gf to the or-
bit O(e) := (AdG)e; see [36, 16]. Recall that U(g, e) = (EndgQe)
op, where Qe is
the generalised Gelfand–Graev g-module associated with the triple {e, h, f}. The
g-module Qe is induced from a one-dimensional module Cχ over the nilpotent subal-
gebra m = m(ℓ) := ℓ
⊕
i≤−2 g(i) of g, where ℓ is a maximal totally isotropic subspace
of g(−1) with respect to the skew-symmetric form defined above. It follows from
sl2-theory that dimm = d(e) where d(e) :=
1
2
dimO(e). By construction, the Lie
subalgebra m is (ad h)-stable, all eigenvalues of ad h on m are negative, and χ van-
ishes on [m,m]. The action of m on Cχ = C1χ is given by x(1χ) = χ(x)1χ for all
x ∈ m. Let mχ be the subspace of U(g) spanned by all x − χ(x) with x ∈ m. The
left ideal U(g)mχ is stable under the adjoint action of m on U(g) and so adm acts on
the quotient space U(g)/U(g)mχ. The fixed point space
(
U(g)/U(g)mχ
)adm
inherits
from U(g) an algebra structure and it is well known that
U(g, e) ∼=
(
U(g)/U(g)mχ
)adm
as algebras. By some historical reasons, U(g, e) is referred to as the finite W -algebra
associated with the pair (g, e). According to [16], it is independent of the choice the
subspace ℓ ⊂ g(−1).
Skryabin proved in [43] that for any irreducible U(g, e)-module V the g-module
V˜ := Qe ⊗U(g,e) V is irreducible and belongs to the full subcategory Cχ of U(g) –mod
consisting of all modules acted upon locally nilpotently by all x − χ(x) with x ∈ m.
He also showed that for any E ∈ ObCχ the subspace
Whχ(E) = {v ∈ E | x · v = χ(x)v for all x ∈ m}
is a nonzero U(g, e)-module and E ∼= Qe ⊗U(g,e) Whχ(E) as g-modules. Finally,
Skryabin proved in loc. cit. that Qe is free as a right U(g, e)-module. For V as above
we denote by IV the annihilator of V˜ in U(g). It follows from Skryabin’s results that
IV is a primitive ideal of U(g).
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2.2. Let X be the set of all primitive ideals of U(g). By a well-known result of Joseph,
for any I ∈ X the zero locus VA(I) of gr(I) ⊂ S(g) coincides with the Zariski closure
of a nilpotent G-orbit in g (here we identify g with g∗ by means of our G-invariant
bilinear form). We call VA(I) the associated variety of I and denote by XO the set
of all I ∈ X with VA(I) = O. It is known that IV ∈ XO(e) for any finite dimensional
irreducible U(g, e)-module V and any I ∈ XO(e) can be presented in this form for at
least one such V ; see [37], [38], [30], [18], [39].
By the Dynkin–Kostant theory, the reductive group C(e) := Ge ∩ Gf is a Levi
subgroup of Ge with Lie(C(e)) = ge(0) and the factor-group Γ(e) := C(e)/C(e)
◦
identifies with the component group Ge/G
◦
e. The construction of U(g, e) given in [16]
implies that C(e) acts on U(g, e) as algebra automorphisms, whilst [37, Lemma 2.4]
yields that any two-sided ideal of U(g, e) is stable under action of the connected group
C(e)◦. It follows that Γ = Γ(e) acts naturally on the set IrrU(g, e) of all isoclasses of
finite dimensional irreducible U(g, e)-modules. Given a finite dimensional irreducible
U(g, e)-module M we write [M ] for the class of M in IrrU(g, e). Confirming the
author’s conjecture, Losev proved in [31] that IV = IV ′ if and only if [V
′] = γ[V ] for
some γ ∈ Γ. In particular, dim V ′ = dimV .
If I ∈ XO then J :=
√
gr(I) coincides with the ideal defining the affine variety
O. Since A := S(g)/gr(I) is a finitely generated S(g)-module and J is the only
minimal prime ideal of S(g) containing the annihilator of A in S(g), there exist prime
ideals p1, . . . , pl of S(g) and a finite chain {0} = A0 ⊂ A1 ⊂ · · · ⊂ Al = A of S(g)-
submodules of A such that pi ⊇ J and Ai/Ai−1 ∼= S(g)/pi for all 1 ≤ i ≤ l. The
multiplicity of O in U(g)/I, denoted multO (U(g)/I), is defined as
multO (U(g)/I) := Card {1 ≤ i ≤ l | pi = J}.
It is well known that this number is independent of the choices made; see [23, 9.6],
for example. We say that I ∈ XO is multiplicity free if multO(U(g)/I) = 1.
If I = IV ∈ XO(e) then Losev’s results proved in [30, 31] imply that
multO(e) (U(g)/I) = [Γ : ΓV ] · (dimV )
2
where ΓV stands for the stabiliser in Γ of the isoclass of V . It follows that IV ∈ XO(e)
is multiplicity free if and only if dimV = 1 and ΓV = Γ.
Let A be a prime Noetherian ring. An element of A is called regular if it is not a
zero divisor in A. The multiplicative set S of all regular elements of A satisfies the
left and right Ore conditions, hence can be used to form a classical ring of fractions
Q(A) = S−1A; see [13, 3.6], for example. By Goldie’s theory, the ring Q(A) is
isomorphic to Matn(D) for some n ∈ N and some skew-field D. We write n = rk(A)
and call n the Goldie rank of A. The division ring D is called the Goldie field of
A. It is well known that rk(A) = 1 if and only if A is a domain. More generally, it
follows from the Feith–Utumi theorem that the Goldie rank of A coincides with the
maximum value of the nilpotency classes of nilpotent elements of A. For any primitive
ideal I of U(g) the quotient U(g)/I is a prime Noetherian ring. A two-sided ideal I
of U(g) is said to be completely prime if U(g)/I is a domain. To prove that each set
XO contains such ideals is a classical open problem of the theory of primitive ideals;
see [25, 3.5] for a related discussion.
In [30], Losev shows that rk(U(g)/IV ) ≤ dimV for every finite dimensional irre-
ducible U(g, e)-module V . Generalising this result the author proved in [40] that the
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Goldie rank of U(g)/IV always divides dimV and the equality holds whenever the
Goldie field of U(g)/IV is isomorphic to the skew-field of fractions of a Weyl algebra.
By a result of Joseph, the latter is always the case for Lie algebras of type A. However,
if rk g ≥ 3 and g is not of type A, then it can happen that dimV > rk(U(g)/IV ) = 1;
see [40, Remark 4.3]. The above discussion shows that any multiplicity-free primitive
ideal is completely prime, but outside type A there exist completely prime primitive
ideals which are not multiplicity free. The Goldie fields of the primitive quotients
associated with such ideals could be very interesting from the viewpoint of the theory
of division algebras because they cannot be isomorphic to Weyl skew fields; see [40,
Theorem B].
2.3. Let U(g, e)ab denote the quotient of U(g, e) by its two-sided ideal generated
by all commutators. This is a finitely generated commutative algebra over C and
the largest commutative quotient of U(g, e). It follows from from [37, Remark 2.1
and Lemma 2.4] that the connected group C(e)◦ acts trivially on U(g, e)ab. As a
consequence, the component group Γ = C(e)/C(e)◦ acts on U(g, e)ab by algebra
automorphisms. Let IΓ denote the ideal of U(g, e)
ab generated by all elements u−uγ,
where u ∈ U(g, e)ab and γ ∈ Γ, and set U(g, e)abΓ := U(g, e)
ab/IΓ.
We let E denote the maximal spectrum of U(g, e)ab, an affine variety over C. The
finite group Γ acts on E and the fixed point space EΓ coincides with the zero locus
of IΓ in E, so that E
Γ = SpecmU(g, e)abΓ ; see [42, 5.1]. The above discussion shows
that EΓ parametrises multiplicity-free primitive ideals in XO(e). So in order to show
that XO(e) contains such ideals we just need to check that E
Γ 6= ∅. For g classical,
this follows from results of R. Brylinski [7] (reproved in [30]) which, in turn, relies
on earlier work of Kraft–Procesi on nilpotent orbit closures in the orthogonal and
symplectic Lie algebras.
Recall that a sheet of g is one of the irreducible components of the quasi-affine
varieties g(k) = {x ∈ g | dim gx = k} where k ∈ Z
>0. Each sheet S ⊂ g is (AdG)-
stable, locally closed and contains a unique nilpotent G-orbit. By a result of Katsylo,
each orbit set S/G has a natural structure of an affine variety. The dimension of S/G
is referred to as the rank of S and denoted rk(S). It is well known that rk(S) = 0 if and
only if S = (AdG)x where x ∈ g is a nilpotent element which cannot be obtained by
Lusztig–Spaltenstein induction from a proper Levi subalgebra of g. Such elements are
called rigid and they are our main object of study in this paper. Non-rigid nilpotent
elements of g are called induced. The standard reference on this topics is [11].
Let S1, . . . , St be all sheets of g containing e. Let ri = rk(Si) and define r(e) :=
max1≤i≤t ri. In [39], the author proved that for e induced E has at least t irreducible
components and dimE = r(e), whilst for e rigid the set E is finite (and possibly
empty in type E8). The arguments in loc. cit. rely on reduction modulo p and results
of Goodwin–Ro¨hrle–Ubly [19] of one-dimensional representations of U(g, e) for g ex-
ceptional which were obtained by computational methods. It is also proved in [39]
that U(g, e)ab = U(g, e)abΓ is a polynomial algebra when g = slN .
Very recently, a further study of E and EΓ was undertaken in [42]. In particular, it
is proved there that for any nilpotent element e in g = soN or g = spN the algebra
U(g, e)abΓ is polynomial and its Krull dimension is given by a simple formula involving
the partition of N associated with e. Furthermore, for g classical the variety E is
irreducible if and only if e lies is a single sheet of g and when that happens the
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algebra U(g, e)ab is also polynomial. The nilpotent elements which lie in a single
sheet of g are described explicitly in combinatorial terms; see [42, Theorem 1]. One
can also find in loc. cit. some strong results toward describing the algebra U(g, e)abΓ for
g exceptional. In particular, it is established that EΓ 6= ∅ for any induced nilpotent
element of g and dimEΓ is determined in all such cases.
Thanks to [19] and [42], in order to show that EΓ is non-empty for any finite W -
algebra U(g, e) one just needs to sort out a handful of rigid orbits in exceptional Lie
algebras. However, one is also interested in the multiplicity-free primitive ideals of
U(g) corresponding to the points of EΓ via Skryabin’s equivalence (as discussed at
the end of Subsection 2.1). By Duflo’s theorem [14], any I ∈ X has the form I =
AnnU(g) L(λ) for some irreducible highest weight g-module L(λ). Such a presentation
(which is generally not unique) will be referred to as a Duflo realisation of I. Ideally,
one would like to find at least one Duflo realisation for any multiplicity-free primitive
ideal I = IV in XO(e). In this paper and its continuation [41] we solve this problem
for all rigid nilpotent elements in exceptional Lie algebras. For classical Lie algebras,
the problem is open already in the case where e is rigid and non-special in the sense
of Lusztig.
2.4. The finite W -algebra U(g, e) has two natural filtrations, the Kazhdan filtration
{Ki U(g, e) | i ≥ 0} and the loop filtration {Li U(g, e) | i ≥ 0}, which we are now going
to describe. Assigning to any x ∈ g(i) degree i + 2 one obtains a Z-filtration on the
enveloping algebra U(g) which then induces that on the the subquotient U(g, e) =
(U(g)/U(g)/mχ)
adm. The filtration of U(g, e) thus obtained is called the Kazhdan
filtration of U(g, e). According to [36, Theorem 4.6], this filtration is non-negative
and the corresponding graded algebra grK U(g, e) is isomorphic to the algebra of
regular functions on the slice e+ gf endowed with its Slodowy grading. Since ge and
gf are dual to each other with respect to ( · , · ), the latter algebra is often identified
with the symmetric algebra S(ge).
Let z1, . . . , zs be a basis of the subspace ℓ of m. We extend it up to a Witt basis
{z1, . . . , zs, z
′
1, . . . , z
′
s} of g(−1) relative to the skew-symmetric form 〈 · , · 〉 and denote
by A the associative C-algebra generated by zi and z
′
i with 1 ≤ i ≤ s subject to the
usual relations [zi, zj ] = [z
′
i, z
′
j ] = 0 and [z
′
i, zj ] = δij , for all 1 ≤ 1, j ≤ s. Clearly, A
is isomorphic to the s-th Weyl algebra over C (it may happen, of course, that s = 0).
The adjoint action of τ(C×) on the parabolic subalgebra p+ :=
⊕
i≥0 g(i) of g extends
to the action of τ(C×) on the algebra U(p+)⊗A such that
τ(c)(u⊗ a) =
(
(Ad τ(c)) u
)
⊗ a for all c ∈ C×, u ∈ U(p+), a ∈ A.
This gives U(p+) ⊗ A a Z
>0-graded algebra structure. It is worth mentioning that
the zero part of U(p+) ⊗ A coincides with U(g(0)) ⊗ A. By [37, Proposition 2.2],
the algebra U(g, e) embeds into U(p+)⊗ A and thus acquires a Z
>0-filtration which
is called the loop filtration of U(g, e). It is proved in [6, Theorem 3.8] that the
corresponding graded algebra gr
L
U(g, e) is isomorphic to the universal enveloping
algebra U(ge) regarded with its Z≥0-grading induced by the action of ad h (see also
[37, Proposition 2.1]).
Let x1, . . . , xr be a basis of ge such that xi ∈ g(ni) for some ni ∈ Z
>0. According
to [37, 2.3], there exists a (non-unique) injective linear map Θ: ge → U(g, e) such
that the monomials Θ(x1)
k1 · · ·Θ(xr)
kr with ki ∈ Z
>0 forms a C-basis of U(g, e). The
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elements grKΘ(xi) and grLΘ(xi) with 1 ≤ i ≤ r have degree ni+2 and ni, respectively,
and generate the graded algebras S(ge) ∼= grK(U(g, e)) and U(ge)
∼= grL(U(g, e)).
Furthermore, [Θ(x),Θ(y)] = Θ([x, y]) for all x ∈ ge(0) and all y ∈ ge. From this it is
immediate that the subalgebra of U(g, e) generated by Θ(ge(0)) is isomorphic to the
enveloping algebra U(ge(0)) and U(g, e) is free as a left U(ge(0))-module.
According to [46], if e is a rigid nilpotent element in a classical Lie algebra, then
ge = [ge, ge]. Thanks to [7] and [31] this result implies that for e rigid and g classical
the finite W -algebra U(g, e) admits a unique one-dimensional representation, so that
E = EΓ is a single point; see [42, Proposition 11]. If e is rigid and g is exceptional,
then it is proved in [12] by computational methods that either ge = [ge, ge] or ge =
Ce ⊕ [ge, ge]. Moreover, the inequality ge 6= [ge, ge] occurs just for one rigid orbit in
types G2, F4,E7 and for three rigid orbits in type E8 two of which have dimension 202
(the largest dimension for the rigid orbits in type E8).
Proposition 2.1. Suppose e is a rigid nilpotent element in an exceptional Lie algebra
g and assume further that E 6= ∅. Then the following hold:
(i) E = EΓ.
(ii) If ge = [ge, ge] then U(g, e) affords a unique one-dimensional representation.
(iii) If ge = Ce ⊕ [ge, ge] then any one-dimensional representation of U(g, e) is
uniquely determined by the action of the image of a Casimir element of U(g)
in U(g, e).
Proof. If ge = [ge, ge] then [42, Proposition 11(i)] implies that U(g, e) affords a unique
one-dimensional representation. Hence E is a single point, implying EΓ = E. Now
suppose that ge = Ce ⊕ [ge, ge] and let a1, . . . , an and b1, . . . , bn be dual bases of g
with respect to ( · , · ) such that ai ∈ g(ni) and bi ∈ g(−ni) for some ni ∈ Z, where
1 ≤ i ≤ n. We may (and will) assume further that a1, . . . , am is a basis of g(2) and
bi = am+i for 1 ≤ i ≤ m. Since e ∈ g(e), we have that e =
∑m
i=1(e, bi)ai.
Let C =
∑n
i=1 aibi, a Casimir element of U(g), which we regard as a central element
of U(g, e) = (EndgQe)
op. The above remark shows that
C(1χ) =
(
2e+
∑s
i=1piz
′
i + C0 + h
)
⊗ 1χ
for some some C0 ∈ U(g(0)) of Kazhdan degree 4, some h ∈ g(0), and p1, . . . , ps ∈
g(1). As the embedding U(g, e) →֒ U(p+) ⊗ A in [37, 2.4] is described explicitly, it
is now straightforward to check that grL(C) = 2e. Let c denote the image of C in
U(g, e)ab. Since gr
L
U(g, e) ∼= U(ge) and ge = Ce⊕ [ge, ge], straightforward induction
on k shows that for x ∈ ge(k) the image of Θ(x) in U(g, e)
ab lies in the subalgebra
generated by c (when k = 0 this is clear because Θ(ge(0)) ∼= ge(0) is a Lie subalgebra
of U(g, e) under the commutator product). As a consequence, U(g, e)ab = C[c]. Since
the action of Γ on U(g, e)ab is induced by the adjoint action of C(e) ⊂ G on U(g) we
have that γ(c) = c for all γ ∈ Γ. This yields E = EΓ completing the proof. 
2.5. Let T be a maximal torus of G, t = Lie(T ) and W = NG(T )/T , the Weyl
group of g. We shall always assume in what follows that T contains τ(C×). Let Φ
be the root system of g with respect to T . We fix a positive system Φ+ in Φ and
let Π = {α1, . . . , αℓ} be the basis of Φ contained in Φ
+. We denote by {̟1, . . . , ̟ℓ}
the corresponding system of fundamental weights in t∗. Let te be a maximal toral
subalgebra of ge contained in ge(0) and denote by l the centraliser of te in g. We
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shall assume without loss of generality that te is contained in t and l = Lie(L) is
a standard Levi subalgebra of g associated with a subset Π0 = {αi | i ∈ I} of Π
(here L is the standard Levi subgroup of G associated with Π0). Let Φ0 be the root
system of l with respect to T . Then Π0 is the basis of simple roots of Φ0 contained
in the positive system Φ+0 := Φ0 ∩Φ
+ of Φ0. In all cases considered in the next three
sections we indicate our choice of Π0 by blackening the corresponding nodes on the
Dynkin diagram of Π and we call the resulting picture a pinning for e. It should be
stressed at this point that for the majority of nilpotent orbits the choice of Π0 is not
unique and quite often our computations simplify when e is pinned down properly.
For that reason, our choice of pinning can differ from those used in other references
on nilpotent orbits. The maximality of te implies that te = z(l), the centre of l, and
the sl2-triple {e, h, f} is distinguished in [l, l] in the sense of the Bala–Carter theory.
Since in this paper we are interested in rigid orbits (which are never distinguished)
we shall assume from now on that l is a proper Levi subalgebra of g and te = z(l) 6= 0.
Let g = n− ⊕ l ⊕ n+ be the parabolic decomposition of g such that the set of T -
roots of n+ and n− equals Φ
+ \ Φ0 and −(Φ
+ \ Φ0), respectively. Set Φ
+(0) := {γ ∈
Φ+ | γ(h) = 0} and Φ+(1) := {γ ∈ Φ+ | γ(h) = 1}. The elements of Φ+(0) and Φ+(1)
will be referred to as 0-roots and 1-roots, respectively. One of the interesting features
of the theory of finite W -algebras is the appearance of a shift by the weight
ρe :=
1
2
∑
γ∈Φ+(0)⊔Φ+(1)
γ ∈ t∗
which plays the role of the half-sum of the positive roots ρ = 1
2
∑
γ∈Φ+ γ, but depends
of e. We write ρe for the restriction of ρe to te.
It will be crucial for us to determine ρe for all rigid nilpotent elements in exceptional
Lie algebras. In order to do that we list the 0-roots and the 1-roots in all cases of
interest. Since it is easy to miss some of these roots (especially in type E8) we always
keep in mind that their total number is given by the formula
|Φ+(0)|+ |Φ+(1)| = 1
2
(dim ge − rk g).
Indeed, from sl2-theory we know that dim ge = dim g(0)+dim g(1) and the subspaces
n± ∩ g(1) and n± ∩ g(−1) have the same dimension, whilst the Bala–Carter theory
yields g(1) ∩ l = 0. Combining this with the fact that n− ∼= (n+)∗ as (ad l)-modules
yields 1
2
dim g(1) = |Φ+(1)| whereas the equality 1
2
(dim g(0) − rk g) = |Φ+(0)| is
obvious.
For Lie algebras of type E we shall identify the root system Φ ⊂ t∗ with its dual
root system Φ∨ ⊂ t by using the W -invariant scalar product ( · | · ) on the R-span of
Π such that (γ|γ) = 2 for all γ ∈ Φ. This will also enable us to identify g with its
Langlands dual Lie algebra g∨. Then we may assume that the set of fundamental
weights {̟i | i 6∈ I} forms a basis for te. Very often we have to express ̟i’s in terms
of simple roots; for that we use [4, Planches I–IX] as a standard reference.
Throughout the paper we use Bourbaki’s numbering of simple roots in Π. In type Eℓ
this simply means that the roots in Π forming the subgraph of type Aℓ−1 are labelled
α1, α3, . . . , αℓ (from left to right) and the root that sticks out of that subgraph is
always called α2. In type F4 the roots in Π are numbered from left to right and it is
assumed that α1 and α2 are long roots whilst α3 and α4 are short. In type G2 it is
assumed that α1 is a short root.
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2.6. In order to explain the appearance of ρe in this theory we have to say a few words
about the category O for finite W -algebras first introduced by Brundan–Goodwin–
Kleshchev in [6]. Although the map Θ: ge →֒ U(g, e) is generally not unique, there is
a very natural way to define an embedding θ : U(ge(0)) →֒ U(g, e). It is given by an
explicit formula in [37, Lemma 2.3]. From now on we shall assume that the restriction
of Θ to te ⊂ ge(0) coincides with θ|te and we choose an embedding Θl : le →֒ U(l, e)
with the same property.
Since e ∈ l we that ge = g
−
e ⊕ le ⊕ g
+
e where g
±
e = ge ∩ n
±. There exists a
unique element h0 ∈ te for which α(h0) = 0 for any α ∈ Π0 and α(h0) = 1 for any
α ∈ Π \ Π0. By construction, the eigenvalues of adh0 on n+ are positive integers.
Moreover, the adjoint action of θ(h0) on U(g, e) gives the latter a Z-graded algebra
structure: U(g, e) =
⊕
i∈Z U(g, e)i. We set U(g, e)≥0 :=
⊕
i≥0 U(g, e)i and denote
by U(g, e)+≥0 the intersection of U(g, e)≥0 with the left ideal of U(g, e) generated by
all Θ(x) with x ∈ g+e . Then U(g, e)
+
≥0 is a two-sided ideal of U(g, e)≥0 and it follows
from [6, Theorem 4.3] and [33, Remark 5.4] that there is an algebra isomorphism
Ψ: U(g, e)≥0/U(g, e)
+
≥0
∼
−→ U(l, e) such that
(Ψ ◦Θ)(x) = Θl(x) + (ρ− ρe)(x) (∀ x ∈ te)
(one should also keep in mind here that in the notation of [32, p. 4864] the weight
δ′ − δ − ρ vanishes on te). For any finite dimensional irreducible U(l, e)-module M0
we now can define an induced U(g, e)-module
IndW(M0) := U(g, e)⊗U(g,e)≥0 M0,
where U(g, e)≥0 acts on M0 via Ψ. This is an analogue of a Verma module in
our more general setting; it has a nice PBW basis and contains a unique maximal
submodule which will be denoted by MaxW(M0). The U(g, e)-module LW(M0) :=
IndW(M0)/MaxW(M0) is irreducible and contains an isomorphic copy of M0.
In [32, Corollary 5.1.2], Losev shows that LW(M0) is finite dimensional if and only if
the annihilator in U(g) of the g-module Qe⊗U(g,e) LW(M0) lies in XO(e). Although, in
general, this condition is difficult to verify, Losev’s criterion can be applied effectively
to check the equality dimLW(M0) = 1 for a fairly large class of nilpotent orbits; see
[32, 5.2]. Luckily for us, this class includes all rigid orbits of g.
Let Te be the maximal torus of C := C(e)
◦ with Lie(Te) = te. When e is rigid,
the group C is semisimple. If dimLW(M0) < ∞, the action of Θ(ge(0)) on LW(M0)
extends to a rational action of the simply connected cover of C. As C is semisimple,
the Weyl group We := NC(Te)/Te has no non-zero fixed points on te, whilst the
preceding remark implies that it acts on the set of all te-weights of LW(M0). Analysing
this We-action, Losev proved, for e rigid, that LW(M0) is one-dimensional if and only
if dimM0 = 1 and Θ(te) acts on M0 via (ρe − ρ)|te; see [32, Theorem 5.2.1].
Given λ ∈ t∗ we write L0(λ) for the irreducible l-module of highest weight λ and
set I0(λ) := AnnU(l)L0(λ). We shall occasionally denote by Ql,e the analogue of
Qe for l and use the fact that U(l, e) = (EndlQl,e)
op. As a corollary of the above-
mentioned result, Losev proved in [32, 5.3] that for any rigid nilpotent element e ∈ g a
primitive ideal I(λ) = AnnU(g) L(λ) with λ ∈ t
∗ has the form I(λ) = IM for some one-
dimensional U(g, e)-module M if and only if λ satisfies the following four conditions:
(A) VA(I0(λ)) = O0 where O0 is the adjoint L-orbit of e;
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(B) I(λ) ∈ XO(e) or equivalently, modulo (A), dimVA(I(λ)) ≤ dimO(e);
(C) (λ+ ρ)|te = ρe;
(D) I0(λ) = AnnU(l)
(
Ql,e⊗U(l,e)M0
)
for some one-dimensional U(l, e)-module M0.
We should mention that Condition (D) holds automatically when e has standard Levi
type i.e. is regular in l. In that case, the algebra U(g, e) is commutative and hence
dimM0 = 1 for any irreducible U(l, e)-module M0. Furthermore, if e has standard
Levi type, then Condition (A) can be rephrased by saying that 〈λ+ ρ, α∨i 〉 6∈ Z
>0 for
all i ∈ I. The rigid orbits in exceptional Lie algebras were first classified by Borho in
type F4 and by Elashvili in type E. In particular, it is known that all of them except
two in type E8 have standard Levi type. For the reader’s convenience all rigid orbits
in exceptional Lie algebras (along with some relevant data) are listed in the table at
the end of the paper.
It is quite easy to find λ ∈ t∗ satisfying two or even three of the above conditions,
but getting all four of them at the same time can be very tricky and in some difficult
cases we have to rely on guessing and intuition.
3. The case of rigid nilpotent orbits in Lie algebras of type E8.
3.1. Type (E8,A1). It is well known that e is a special nilpotent element and e
∨ is
subregular in the Langlands dual Lie algebra g∨. Moreover, it can be assumed that
h∨ = 2 2 0
2
2 2 2 2 .
Keeping both the shape of h∨ and Losev’s condition (A) in mind we choose the pinning
for e as follows:
◦ ◦ • ◦ ◦ ◦ ◦
◦
Then we may assume that the optimal cocharacter for e with (dτ)(1) = h equals
τ = 0 (−1) 2
(−1)
(−1) 0 0 0 .
Since dim ge = 190 the total number of positive 0-roots and 1-roots is (190− 8)/2 =
91. The roots are listed in the table below.
0-roots 1-roots
1 0 0
0
0 0 0 0 , 0 0 0
0
0 1 0 0 , 0 0 0
0
0 0 1 0 , 0 0 0
0
0 0 0 1 , 0 0 0
0
0 1 1 0 , 0 1 1
0
0 0 0 0 , 0 0 1
0
1 0 0 0 , 0 0 1
1
0 0 0 0 ,
0 1 1
0
1 0 0 0 , 0 1 1
0
1 1 0 0 , 1 1 1
0
1 0 0 0 , 1 1 1
0
1 1 0 0 , 0 1 1
0
1 1 1 0 , 1 1 1
0
0 0 0 0 , 0 0 1
0
1 1 0 0 , 0 0 1
0
1 1 1 0 ,
0 0 0
0
0 0 1 1 , 0 0 0
0
0 1 1 1 , 1 1 1
0
1 1 1 0 , 0 1 1
0
1 1 1 1 , 1 1 1
0
1 1 1 1 , 0 0 1
0
1 1 1 1 , 0 1 2
1
1 0 0 0 , 1 1 2
1
1 0 0 0 ,
0 0 1
1
1 0 0 0 , 0 0 1
1
1 1 1 0 , 0 0 1
1
1 1 1 1 , 0 1 1
1
0 0 0 0 , 1 1 1
1
0 0 0 0 , 0 1 2
1
1 1 0 0 , 1 1 2
1
1 1 0 0 , 0 1 2
1
1 1 1 0 ,
0 1 2
1
2 1 0 0 , 0 1 2
1
2 1 1 0 , 0 1 2
1
2 1 1 1 , 0 1 2
1
2 2 1 1 , 0 1 2
1
2 2 2 1 , 1 1 2
1
1 1 1 0 , 0 1 2
1
1 1 1 1 , 1 1 2
1
1 1 1 1 ,
1 1 2
1
2 1 0 0 , 1 1 2
1
2 1 1 0 , 1 1 2
1
2 1 1 1 , 1 1 2
1
2 2 1 1 , 1 1 2
1
2 2 2 1 , 1 2 3
1
2 1 0 0 , 1 2 3
1
2 1 1 0 , 1 2 3
1
2 1 1 1 ,
1 2 2
1
1 0 0 0 , 1 2 2
1
1 1 0 0 , 1 2 2
1
1 1 1 0 , 1 2 2
1
1 1 1 1 , 0 1 2
1
2 2 1 0 , 1 2 3
1
2 2 1 0 , 1 2 3
1
2 2 2 1 , 1 2 4
2
3 2 1 0 ,
1 1 2
1
2 2 1 0 , 1 2 3
2
2 1 0 0 , 1 2 3
2
2 1 1 0 , 1 2 3
2
2 1 1 1 , 1 2 3
2
2 2 1 0 , 1 2 4
2
3 2 1 1 , 1 2 4
2
3 2 2 1 , 1 2 4
2
3 3 2 1 ,
1 2 3
2
2 2 1 1 , 1 2 3
2
2 2 2 1 , 1 2 3
1
3 2 1 0 , 1 2 3
1
3 2 1 1 , 0 0 1
1
1 1 0 0 1 3 5
2
4 3 2 1 , 2 3 5
2
4 3 2 1 , 2 4 6
3
4 3 2 1 ,
1 2 3
1
3 2 2 1 , 1 2 3
1
3 3 2 1 , 1 2 4
2
4 3 2 1 , 1 3 4
2
3 2 1 0 , 2 3 4
2
3 2 1 0 , 1 2 3
1
2 2 1 1 .
1 3 4
2
3 2 1 1 , 2 3 4
2
3 2 1 1 , 1 3 4
2
3 2 2 1 , 2 3 4
2
3 2 2 1 , 1 3 4
2
3 3 2 1 ,
2 3 4
2
3 3 2 1 , 1 3 5
3
4 3 2 1 , 2 3 5
3
4 3 2 1 , 2 4 5
2
4 3 2 1 , 2 4 6
3
5 3 2 1 ,
2 4 6
3
5 4 2 1 , 2 4 6
3
5 4 3 1 , 2 4 6
3
5 4 3 2 .
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By a routine computation we see that the (1, 2, 3, 5, 6, 7, 8)-contributions of the
0-roots and 1-roots are (52, 76, 102, 124, 96, 66, 34) and (20, 30, 40, 48, 36, 24, 12), re-
spectively. So the total contribution of all roots is (36, 53, 71, 86, 66, 45, 23). In view
of [4, Planche VII] Losev’s condition (C) for λ+ ρ =
∑8
i=1 ai̟i reads
4a1 + 5a2 + 7a3 + 10a4 + 8a5 + 6a6 + 4a7 + 2a8 = 36
5a1 + 8a2 + 10a3 + 15a4 + 12a5 + 9a6 + 6a7 + 3a8 = 53
7a1 + 10a2 + 14a3 + 20a4 + 16a5 + 12a6 + 8a7 + 4a8 = 71
8a1 + 12a2 + 16a3 + 24a4 + 20a5 + 15a6 + 10a7 + 5a8 = 86
6a1 + 9a2 + 12a3 + 18a4 + 15a5 + 12a6 + 8a7 + 4a8 = 66
4a1 + 6a2 + 8a3 + 12a4 + 10a5 + 8a6 + 6a7 + 3a8 = 45
2a1 + 3a2 + 4a3 + 6a4 + 5a5 + 4a6 + 3a7 + 2a8 = 23.
Setting a4 = 0 and ai = 1 for i 6= 4 we obtain a partucularly nice solution to this
system of linear equations, which leads to
λ+ ρ = ρ−̟4 =
1
2
h∨.
As 〈λ, α∨4 〉 = 0, Condition (A) holds for λ + ρ. Since e is special and λ + ρ =
1
2
h∨
applying [2, Proposition 5.10] shows that this weight also satisfies Condition (B).
Condition (D) is vacuous in the present case as e has standard Levi type. Applying
[32, 5.3] we conclude that I(λ) = I(−̟4) is the only multiplicity-free primitive ideal
in XO(e) (one should keep in mind that in the present case [ge, ge] = ge). Since
O(e) = Omin, we thus recover the well-known Joseph ideal and determine its Duflo
realisation by applying methods of the theory of finite W -algebras.
3.2. Type (E8, 2A1). In the present case e is a special nilpotent element, e
∨ ∈ g∨
has Dynkin label E8(a2), and
h∨ = 2 2 0
2
2 0 2 2 .
Keeping in mind Condition (A) we choose our pinning for e as follows:
◦ ◦ • ◦ • ◦ ◦
◦
Then we may assume that the optimal cocharacter for e with (dτ)(1) = h has the
form
τ = 0 (−1) 2
(−1)
(−2) 2 (−1) 0 .
Since dim ge = 156 the total number of positive 0-roots and 1-roots is (156− 8)/2 =
74. The roots are listed in the table below.
Direct computation shows that the (1, 2, 3, 5, 7, 8)-contributions of the 0-roots and
1-roots are (36, 52, 70, 84, 42, 22) and (24, 36, 48, 58, 32, 16), respectively. So the total
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0-roots 1-roots
1 0 0
0
0 0 0 0 , 0 0 0
0
0 0 0 1 , 0 1 1
1
0 0 0 0 , 0 0 1
0
1 0 0 0 , 1 1 1
0
0 0 0 0 , 0 1 1
0
0 0 0 0 , 0 0 1
1
0 0 0 0 , 0 1 1
0
1 1 0 0 ,
1 1 1
0
1 1 1 0 , 0 1 2
1
1 0 0 0 , 1 1 2
1
1 0 0 0 , 0 1 1
0
1 1 1 0 , 1 1 1
0
1 1 0 0 , 1 2 2
1
1 1 0 0 , 0 0 0
0
0 1 1 0 , 0 0 0
0
0 1 1 1 ,
0 1 1
0
1 1 1 1 , 1 1 1
0
1 1 1 1 , 1 2 2
1
1 1 1 0 , 1 2 2
1
1 1 1 1 , 0 0 1
0
1 1 1 0 , 0 0 1
0
1 1 1 1 , 0 1 2
1
1 1 1 0 , 0 1 2
1
1 1 1 1 ,
1 1 1
1
0 0 0 0 , 0 0 0
0
1 1 0 0 , 0 1 1
1
1 1 0 0 , 1 1 1
1
1 1 0 0 , 1 1 2
1
1 1 1 0 , 1 1 2
1
1 1 1 1 , 0 0 1
1
1 1 0 0 , 0 1 2
1
2 2 1 0 ,
0 0 1
1
1 1 1 0 , 1 2 3
1
2 1 1 0 , 0 0 1
1
1 1 1 1 , 1 2 3
1
2 1 1 1 , 1 2 3
2
2 2 1 1 , 1 2 3
1
2 2 2 1 , 1 2 3
1
3 3 2 1 , 1 3 4
2
3 3 2 1 ,
0 1 2
1
2 1 0 0 , 1 1 2
1
2 1 0 0 , 1 2 3
2
2 1 0 0 , 1 2 2
1
2 2 1 0 , 2 3 4
2
3 3 2 1 , 1 2 4
2
3 2 1 0 , 1 2 4
2
3 2 1 1 , 1 3 5
2
4 3 2 1 ,
1 2 2
1
2 2 1 1 , 0 1 2
1
2 2 2 1 , 1 1 2
1
2 2 2 1 , 1 2 3
2
2 2 2 1 , 2 3 5
2
4 3 2 1 , 2 4 6
3
4 3 2 1 , 2 4 6
3
5 4 2 1 , 1 2 3
1
2 1 0 0 ,
1 2 3
1
3 2 1 0 , 1 2 3
1
3 2 1 1 , 1 3 4
2
3 2 1 0 , 1 3 4
2
3 2 1 1 , 0 1 2
1
2 2 1 1 , 1 1 2
1
2 2 1 0 , 1 2 3
2
2 2 1 0 , 1 1 2
1
2 2 1 1 .
2 3 4
2
3 2 1 0 , 2 3 4
2
3 2 1 1 , 2 4 5
2
4 3 2 1 , 1 2 4
2
4 3 2 1 ,
1 3 5
3
4 3 2 1 , 2 3 5
3
4 3 2 1 , 2 4 6
3
5 4 3 1 , 2 4 6
3
5 4 3 2 ,
1 2 4
2
3 2 2 1 , 1 2 3
2
3 3 2 1 .
contribution of all roots is (30, 44, 59, 71, 37, 19). In view of [4, Planche VII] Condi-
tion (C) for λ+ ρ =
∑8
i=1 ai̟i reads
4a1 + 5a2 + 7a3 + 10a4 + 8a5 + 6a6 + 4a7 + 2a8 = 30
5a1 + 8a2 + 10a3 + 15a4 + 12a5 + 9a6 + 6a7 + 3a8 = 44
7a1 + 10a2 + 14a3 + 20a4 + 16a5 + 12a6 + 8a7 + 4a8 = 59
8a1 + 12a2 + 16a3 + 24a4 + 20a5 + 15a6 + 10a7 + 5a8 = 71
4a1 + 6a2 + 8a3 + 12a4 + 10a5 + 8a6 + 6a7 + 3a8 = 37
2a1 + 3a2 + 4a3 + 6a4 + 5a5 + 4a6 + 3a7 + 2a8 = 19.
Setting ai = 0 for i = 4, 6 and ai = 1 for i 6= 4, 6 we obtain a nice solution to this
system of linear equations which leads to the weight
λ+ ρ = ρ−̟4 −̟6.
As 〈λ, α∨4 〉 = 〈λ, α
∨
6 〉 = 0, it also satisfies Condition (A). Since in the present case
e is special and e∨ ∈ g∨ has Dynkin label E8(a2), we see that λ + ρ =
1
2
h∨. So [2,
Proposition 5.10] shows that this weight also satisfies Condition (B). Condition (D) is
obvious because e has standard Levi type. Applying [32, 5.3] and [42, Proposition 11]
we conclude that I(λ) = I(−̟4 −̟6) is the only multiplicity-free primitive ideal in
XO(e) (one should also keep in mind here that [ge, ge] = ge by [12]).
3.3. Type (E8, 3A1). In this case our pinning for e is
• ◦ • ◦ • ◦ ◦
◦
and the optimal cocharacter for e is given by
τ = 2 (−2) 2
(−1)
(−2) 2 (−1) 0 .
Since dim ge = 136, the total number of positive 0-roots and 1-roots is (136− 8)/2 =
64. The roots are given below.
It is straightforward to see that the (2, 3, 5, 7, 8)-contributions of the 0-roots and
1-roots are (44, 62, 76, 42, 22) and (33, 41, 49, 24, 12), respectively. So the total con-
tribution of all roots is
(
77
2
, 103
2
, 125
2
, 66
2
, 34
2
)
. Since in the present case the orbit O(e)
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0-roots 1-roots
1 1 0
0
0 0 0 0 , 0 1 1
0
0 0 0 0 , 0 0 1
0
1 0 0 0 , 0 0 0
0
1 1 0 0 , 0 0 1
1
0 0 0 0 , 0 0 0
0
0 1 1 0 , 0 0 0
0
0 1 1 1 , 1 1 1
1
0 0 0 0 ,
0 0 0
0
0 0 0 1 , 1 1 1
0
1 0 0 0 , 0 1 1
0
1 1 0 0 , 0 0 1
1
1 1 1 0 , 0 0 1
1
1 1 0 0 , 0 0 1
0
1 1 1 0 , 0 0 1
0
1 1 1 1 , 1 1 1
1
1 1 0 0 ,
0 0 1
1
1 1 1 1 , 1 1 1
1
1 1 1 0 , 1 1 1
1
1 1 1 1 , 1 2 2
1
1 1 1 0 , 1 1 1
0
1 1 1 0 , 1 1 1
0
1 1 1 1 , 1 1 2
1
1 0 0 0 , 0 1 2
1
1 1 0 0 ,
1 2 2
1
1 1 1 1 , 1 1 2
1
2 1 1 0 , 1 1 2
1
2 1 1 1 , 0 1 2
1
2 2 1 0 , 1 2 2
1
1 1 0 0 , 1 1 2
1
2 1 0 0 , 1 1 2
1
2 2 2 1 , 1 2 3
1
2 1 0 0 ,
0 1 2
1
2 2 1 1 , 1 2 2
1
2 2 1 0 , 1 2 2
1
2 2 1 1 , 1 2 3
1
3 2 1 0 , 1 2 3
1
2 2 2 1 , 1 2 3
2
2 2 1 1 , 1 2 3
2
2 2 1 0 , 1 2 3
1
3 3 2 1 ,
1 2 3
1
3 2 1 1 , 1 2 3
2
2 1 0 0 , 1 2 3
2
3 3 2 1 , 1 2 4
2
3 2 2 1 , 1 2 4
2
3 2 1 0 , 1 2 4
2
3 2 1 1 , 2 3 4
2
3 2 1 0 , 2 3 4
2
3 2 1 1 ,
1 3 4
2
3 3 2 1 , 2 3 4
2
3 2 2 1 , 2 3 4
2
4 3 2 1 , 1 3 5
2
4 3 2 1 , 2 3 5
3
4 3 2 1 , 2 4 6
3
4 3 2 1 , 2 4 6
3
5 4 2 1 .
1 2 3
2
2 2 2 1 , 2 4 5
2
4 3 2 1 , 2 4 6
3
5 4 3 1 , 2 4 6
3
5 4 3 2 ,
0 1 2
1
1 1 1 0 , 0 1 2
1
1 1 1 1 , 1 2 3
1
2 1 1 0 , 1 2 3
1
2 1 1 1 ,
1 2 4
2
4 3 2 1 .
is non-special, it would be impossible for us to find λ + ρ =
∑8
i=1 ai̟i with ai ∈ Z
satisfying Conditions (A), (B), (C), (D). All things considered, it seems reasonable to
seek λ+ ρ =
∑8
i=1 ai̟i with ai ∈
1
2
Z. (We have already mentioned at the end of Sec-
tion 2 that guessing plays an important role in this investigation.) Setting a˜i := 2ai
we rewrite Condition (C) for λ+ ρ as follows:
5a˜1 + 8a˜2 + 10a˜3 + 15a˜4 + 12a˜5 + 9a˜6 + 6a˜7 + 3a˜8 = 77
7a˜1 + 10a˜2 + 14a˜3 + 20a˜4 + 16a˜5 + 12a˜6 + 8a˜7 + 4a˜8 = 103
8a˜1 + 12a˜2 + 16a˜3 + 24a˜4 + 20a˜5 + 15a˜6 + 10a˜7 + 5a˜8 = 125
4a˜1 + 6a˜2 + 8a˜3 + 12a˜4 + 10a˜5 + 8a˜6 + 6a˜7 + 3a˜8 = 66
2a˜1 + 3a˜2 + 4a˜3 + 6a˜4 + 5a˜5 + 4a˜6 + 3a˜7 + 2a˜8 = 34.
A fairly nice solution to this system of linear equations is given by setting a˜i = 1 for
1 ≤ i ≤ 6 and a˜i = 2 for i = 7, 8. Now we need to check (with fingers crossed) that
it satisfies the rest of Losev’s conditions.
First we observe that the integral root system Φλ+ρ = Φλ of our weight
λ+ ρ = 1
2
(ρ+̟7 +̟8)
contains the positive roots
β1 β3 β4 β5 β6 β7 β8
β2
where
β1 = 0 0 00
0 0 0 1 , β2 = 0 1 10
0 0 0 0 , β3 = 0 0 00
0 0 1 0 , β4 = 0 0 00
1 1 0 0 ,
β5 = 0 0 11
0 0 0 0 , β6 = 1 1 00
0 0 0 0 , β7 = 0 0 10
1 0 0 0 , β8 = 0 1 11
1 0 0 0 ,
and hence has type E7 + A1 (by the maximality of that root subsystem). Moreover,
the roots {βi | 1 ≤ i ≤ 8} form the basis of Φλ contained in Φ
+. It if straightforward
to see that λ+ ρ is strongly dominant (and integral) on Φ+λ = Φ
+ ∩ Φλ. Since
|Φ+| − |Φ+λ | = 120− 64 = 56 =
1
2
(248− 136) = 1
2
dim O(e)
we can apply [24, Corollary 3.5] to deduce that dim VA(I(λ)) = dim O(e). Since
〈λ + ρ, α∨i 〉 =
1
2
for i ∈ {1, 4, 6}, our choice of pinning shows that λ + ρ satisfies
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Condition (A). Then e ∈ VA(I(λ)) and the above yields VA(I(λ)) = O(e). Therefore,
λ+ρ satisfies Condition (B) as well. Condition (D) is vacuous as e has standard Levi
type. Since in the present case ge = [ge, ge] by [12] we can apply [32, 5.3] and [42,
Proposition 11] to conclude that I(−1
2
(̟1 + ̟2 + ̟3 + ̟4 + ̟5 + ̟6)) is the only
multiplicity-free primitive ideal in XO(e).
3.4. Type (E8, 4A1). In this case our pinning for e is
◦ • ◦ • ◦ • ◦
•
Then we can choose the optimal cocharacter for e as follows:
τ = (−1) 2 (−3)
2
2 (−2) 2 (−1) .
As in the present case dim ge = 120, the total number of positive 0-roots and 1-roots
is (120− 8)/2 = 56. The roots are listed below.
0-roots 1-roots
1 1 1
1
0 0 0 0 , 1 1 1
0
1 0 0 0 , 0 0 0
0
1 1 0 0 , 0 0 0
0
0 1 1 0 , 1 1 0
0
0 0 0 0 , 0 1 1
1
0 0 0 0 , 0 0 1
1
1 0 0 0 , 0 0 0
0
0 0 1 1 ,
0 1 1
0
1 1 1 1 , 0 0 1
1
1 1 1 1 , 1 1 1
1
1 1 0 0 , 1 1 1
0
1 1 1 0 , 0 0 0
0
1 1 1 1 , 0 1 1
1
1 1 0 0 , 0 1 1
0
1 1 1 0 , 1 1 1
1
1 1 1 1 ,
0 1 2
1
1 1 1 0 , 1 1 2
1
2 1 0 0 , 1 1 2
1
2 1 1 1 , 1 2 2
1
1 1 1 1 , 1 2 2
1
2 1 0 0 , 1 1 2
1
2 1 1 0 , 0 1 2
1
2 1 1 1 , 1 2 2
1
2 2 1 0 ,
1 2 3
2
2 1 0 0 , 1 2 3
1
2 1 1 0 , 1 2 3
2
2 2 1 0 , 1 2 3
1
3 2 1 0 , 0 1 2
1
2 2 2 1 , 1 2 3
2
2 2 2 1 , 1 2 3
1
3 2 2 1 , 1 2 3
2
3 2 1 1 ,
1 3 4
2
3 2 1 1 , 1 2 4
2
3 2 2 1 , 1 3 4
2
3 3 2 1 , 1 2 4
2
4 3 2 1 , 1 2 3
2
3 3 2 1 , 1 3 5
3
4 3 2 1 , 1 3 4
2
3 2 1 0 , 0 1 1
0
1 0 0 0 ,
2 3 5
3
4 3 2 1 , 2 4 5
2
4 3 2 1 , 0 1 2
1
2 2 1 0 , 2 3 4
2
3 2 1 0 , 2 3 4
2
3 2 2 1 , 2 3 4
2
4 3 2 1 , 0 0 1
1
1 1 1 0 , 1 2 2
1
1 1 1 0 ,
2 4 6
3
5 4 3 2 , 1 1 2
1
2 2 2 1 , 1 2 2
1
2 2 1 1 , 0 1 2
1
1 0 0 0 . 2 4 6
3
5 3 2 1 , 2 4 6
3
5 4 3 1 , 1 2 2
1
1 0 0 0 , 1 2 3
2
2 1 1 1 .
Computations show that the (1, 4, 6, 8)-contributions of the 0-roots and 1-roots are
(24, 70, 44, 14) and (22, 65, 40, 15), respectively, and the total contribution of all roots
is
(
46
2
, 135
2
, 84
2
, 29
2
)
. Since in the present case the orbit O(e) is non-special, it seems
reasonable to seek λ+ ρ =
∑8
i=1 ai̟i with all ai half-integers (we have to guess again
at this point). Setting a˜i := 2ai we rewrite Condition (C) for λ+ ρ as follows:
4a˜1 + 5a˜2 + 7a˜3 + 10a˜4 + 8a˜5 + 6a˜6 + 4a˜7 + 2a˜8 = 46
10a˜1 + 15a˜2 + 20a˜3 + 30a˜4 + 24a˜5 + 18a˜6 + 12a˜7 + 6a˜8 = 135
6a˜1 + 9a˜2 + 12a˜3 + 18a˜4 + 15a˜5 + 12a˜6 + 8a˜7 + 4a˜8 = 84
2a˜1 + 3a˜2 + 4a˜3 + 6a˜4 + 5a˜5 + 4a˜6 + 3a˜7 + 2a˜8 = 29.
A really nice solution to this system of linear equations is given by setting a˜i = 1 for
1 ≤ i ≤ 8. Of course, we still need to check that it satisfies Conditions (A), (B) and
(D).
We note that the integral root system Φλ+ρ = Φλ of our weight λ+ρ =
1
2
ρ contains
the positive roots
β1 β2 β3 β4 β5 β6 β7
β8
16
where
β1 = 0 1 11
1 0 0 0 , β2 = 0 0 00
0 1 1 0 , β3 = 0 0 10
1 0 0 0 , β4 = 1 1 00
0 0 0 0 ,
β5 = 0 0 11
0 0 0 0 , β6 = 0 0 00
1 1 0 0 , β7 = 0 0 00
0 0 1 1 , β8 = 0 1 10
0 0 0 0 ,
and hence has type D8 (by the maximality of that root subsystem). Moreover, the
roots {βi | 1 ≤ i ≤ 8} form the basis of Φλ contained in Φ
+. It if straightforward to
see that λ + ρ is strongly dominant on Φ+ ∩ Φλ and does not take values in Z
>0 on
{α2, α3, α5, α7}. Since
|Φ+| − |Φ+λ | = 120− 56 = 64 =
1
2
(248− 120) = 1
2
dim O(e)
we can now argue as in the previous case to deduce that λ + ρ satisfies Conditions
(A), (B), (C), (D). Since in the present case ge = [ge, ge] by [12] we conclude that
I(−1
2
ρ) is the only multiplicity-free primitive ideal in XO(e).
3.5. Type (E8,A2 + A1). Here e is a special nilpotent element, e
∨ has type E8(a4),
and
h∨ = 2 0 2
0
0 2 0 2 .
Numerical experiments indicate that e is quite immune to the choice of pinning and
the following one is probably the best possible:
◦ ◦ • ◦ • ◦ ◦
•
Here the optimal cocharacter has the form
τ = 0 (−2) 2
2
(−3) 2 (−1) 0 .
Since dim ge = 112 the total number of positive 0-roots and 1-roots is (112− 8)/2 =
52. The roots are listed in the table below. It is straightforward to check that
0-roots 1-roots
1 0 0
0
0 0 0 0 , 1 1 1
0
0 0 0 0 , 0 0 0
0
0 0 0 1 , 0 1 1
0
0 0 0 0 , 0 0 0
0
0 1 1 0 , 0 0 0
0
0 1 1 1 , 0 0 1
1
1 0 0 0 , 0 1 1
1
1 1 0 0 ,
0 0 1
0
1 1 1 0 , 0 0 1
0
1 1 1 1 , 0 1 1
1
1 1 1 0 , 1 1 1
1
1 1 1 0 , 1 1 1
1
1 1 0 0 , 0 0 1
0
1 1 0 0 , 0 1 2
1
1 0 0 0 , 1 1 2
1
1 0 0 0 ,
0 1 1
1
1 1 1 1 , 1 1 1
1
1 1 1 1 , 0 1 2
1
2 1 0 0 , 1 1 2
1
2 1 0 0 , 1 2 2
1
1 1 0 0 , 0 1 2
1
2 2 1 0 , 1 1 2
1
2 2 1 0 , 0 1 2
1
2 2 1 1 ,
1 2 3
1
2 1 0 0 , 1 2 2
1
1 1 1 0 , 1 2 2
1
1 1 1 1 , 0 1 2
1
2 2 2 1 , 1 1 2
1
2 2 1 1 , 1 2 3
1
2 2 1 1 , 1 2 3
1
2 1 1 0 , 1 2 3
2
2 1 1 0 ,
1 1 2
1
2 2 2 1 , 1 2 3
1
2 2 2 1 , 1 2 3
2
3 2 1 0 , 1 2 3
2
2 2 1 1 , 1 2 3
2
2 1 1 1 , 1 2 3
2
3 3 2 1 , 1 3 4
2
3 3 2 1 , 2 3 4
2
3 3 2 1 ,
1 3 4
1
3 2 1 0 , 1 3 4
2
3 2 1 1 , 1 3 5
2
4 3 2 1 , 2 3 5
2
4 3 2 1 , 2 4 6
3
5 4 2 1 , 1 2 4
2
3 2 2 1 .
2 3 4
2
3 2 1 0 , 2 3 4
2
3 2 1 1 , 2 4 5
3
4 3 2 1 , 1 2 4
2
4 3 2 1 ,
2 4 6
3
5 4 3 1 , 2 4 6
3
5 4 3 2 .
the (1, 3, 5, 7, 8)-contributions of the 0-roots and 1-roots are (28, 54, 64, 34, 18) and
(16, 32, 40, 20, 10), respectively. The total contribution of all roots is (22, 43, 52, 27, 14).
In view of [4, Planche VII] Losev’s condition (C) for λ+ ρ =
∑8
i=1 ai̟i reads
4a1 + 5a2 + 7a3 + 10a4 + 8a5 + 6a6 + 4a7 + 2a8 = 22
7a1 + 10a2 + 14a3 + 20a4 + 16a5 + 12a6 + 8a7 + 4a8 = 43
8a1 + 12a2 + 16a3 + 24a4 + 20a5 + 15a6 + 10a7 + 5a8 = 52
4a1 + 6a2 + 8a3 + 12a4 + 10a5 + 8a6 + 6a7 + 3a8 = 27
2a1 + 3a2 + 4a3 + 6a4 + 5a5 + 4a6 + 3a7 + 2a8 = 14.
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A reasonably nice solution to this system of linear equations is provided by
λ+ ρ = 1 1 2
(−1)
(−1) 1 1 1 = s6s2s4
(
1 0 1
0
0 1 0 1
)
= s6s2s4( 12h
∨).
Due to our choice of pinning λ + ρ satisfies Conditions (A) and (C), but it is not
at all clear that it satisfies Condition (B). In order to justify this we first note that
VA
(
I(1
2
h∨)
)
= O(e) thanks to [2, Proposition 5.10]. So Condition (C) would certainly
hold for λ+ρ = s6s2s4(
1
2
h∨) if we manage to show that the primitive ideals I(1
2
h∨−ρ)
and I(s6s2s4  (
1
2
h∨ − ρ)) coincide (as usual, w  µ = w(µ + ρ) − ρ indicates the dot
action.)
Here and in what follows we are going to apply [22, Corollar 10.10]; so let us
adopt the notation used there. We write P+(Φ) for the set of of all µ ∈ t∗ such that
〈µ+ ρ, α∨〉 is a non-negative integer for all α ∈ Π. Given µ ∈ t∗ we write Π0µ for the
set of all α ∈ Π such that 〈µ+ ρ, α∨〉 = 0. For a primitive ideal I of U(g) we denote
by d(U(g)/I) the Gelfand–Kirillov dimension of the primitive quotient U(g)/I.
LetW = 〈sα |α ∈ Φ〉 be the Weyl group of g and set w := s6s2s4s2s3s5s7 (we always
use Bourbaki’s numbering). Given x ∈ W we write τ(x) for the τ -invariant of x, the
set of all α ∈ Π for which x(α) ∈ −Φ+. Let a : W → Z>0 be Lusztig’s a-function; see
[9, p. 808] for more detail. It plays an important role in the representation theory of
Iwahori–Hecke algebras, but is, in general, quite difficult to compute. In [17], Meinolf
Geck describes an algorithm, named PyCox, which enables one among other things
to determine some values of the a-function. As he has kindly informed the author,
running the algorithm on w produced the output a(w) = 4.
One can also obtain this result by analysing Table 0 below (we refer to Subsec-
tion 3.12 for the unexplained notation related to Kazhdan–Lusztig cells). The first
and the last columns are straightforward to fill in, whilst the first line in the mid-
dle column is true by the definition of the relation “− ”. Then the second line
in the middle column is true because s2s4s6s2s3s5s7, s4s6s2s3s5s7 are in DL(s3, s4)
and s3s2s4s6s2s3s5s7 =
∗(s2s4s6s2s3s5s7), s6s2s3s5s7 =
∗(s4s6s2s3s5s7). Then the
third line in the middle column is true because s3s2s4s6s2s3s5s7, s6s2s3s3s5s7 are in
DL(s5, s6) and s5s3s2s4s6s2s3s5s7 =
∗(s3s2s4s6s2s3s5s7), s2s3s5s7 =
∗(s6s2s3s5s7).
L(x) x – y L(y)
{s2, s4, s6} s2s4s6s2s3s5s7 – s4s6s2s3s5s7 {s4, s6}
{s2, s3, s6} s3s2s4s6s2s3s5s7 – s6s2s3s5s7 {s2, s3, s6}
{s2, s3, s5} s5s3s2s4s6s2s3s5s7 – s2s3s5s7 {s2, s3, s5, s7}
Table 0
Combining this with the information given in the first and the last columns we get
s2s3s5s7 6L s5s3s2s4s6s2s3s5s7 6L s3s2s4s6s2s3s5s7 6L s2s4s6s2s3s5s7
6L s4s6s2s3s5s7 6L s6s2s3s5s7 6L s2s3s5s7.
This yields w ∼L s2s3s5s7. In particular, a(w) = 4.
The element w enters the picture because
λ+ ρ = 1 1 2
(−1)
(−1) 1 1 1 = s6s2s4
(
1 0 1
0
0 1 0 1
)
= s6s2s4s2s3s5s7
(
1 0 1
0
0 1 0 1
)
= w( 1
2
h∨)
and the roots w(α2), w(α3), w(α5), w(α7) are negative with respect to Π. Since
Π0−ρ+h∨/2 = {α2, α3, α5, α7} we have the inclusion Π
0
−ρ+h∨/2 ⊆ τ(w). In view of [22,
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Corollar 10.10(a)] this means that
d
(
U(g)/I(s6s2s4  (
1
2
h∨ − ρ))
)
= d
(
U(g)/I(w  (1
2
h∨ − ρ))
)
= d
(
U(g)/I(w  µ)
)
for any regular µ ∈ P+(Φ).
According to a result of Yu Chen, the set W (4) = {x ∈ W | a(x) = 4} is a single
double cell of W and, moreover, its dual double cell w0W
(4) is associated with the
nilpotent orbit labelled A2 + A1; see [9, 6.1]. As a(w) = 4 we deduce that
d(U(g)/I(w  µ)) = dim O(e)
(the duality between double cells in W and the related data for the corresponding
nilpotent orbits in g can be found in [9, Table I]). But then
dimVA(I(λ)) = dimVA(I(1
2
h∨ − ρ)) = dimO(e)
thanks to [2, Proposition 5.10]. As e ∈ VA(I(λ)) by our earlier remarks, we conclude
that VA(I(λ)) = O(e). So Condition (B) holds for λ+ ρ.
Since Condition (D) is vacuous in the present case, applying [32, 5.3] and [42,
Proposition 11] we are now able to deduce that I(λ) is the only multiplicity-free
primitive ideal in XO(e) (one should also keep in mind here that [ge, ge] = ge by [12]).
Since 1
2
h∨ is a dominant weight, I(1
2
h∨ − ρ) is the unique maximal element in the
partially ordered set {I(x  (1
2
h∨−ρ)) | x ∈ W}. As a consequence, I(λ) ⊆ I(1
2
h∨−ρ).
Since both primitive ideals have the same associated variety, the equality must hold
by [3, Corollar 3.6], i.e. I(λ) = I(1
2
h∨ − ρ).
3.6. Type (E8,A2 + 2A1). In this case e is a special nilpotent element and e
∨ has
type E8(b4), so that
h∨ = 2 0 2
0
0 0 2 2 .
Keeping the shape of h∨ in mind we choose the pinning for e as follows:
◦ • ◦ • • ◦ ◦
•
Then we may assume that the optimal cocharacter for e has the form
τ = (−1) 2 (−4)
2
2 2 (−2) 0 .
Since dim ge = 102 the total number of 0-roots and 1-roots is (102− 8)/2 = 47. The
roots are given in the table below.
0-roots 1-roots
0 0 0
0
0 0 0 1 , 0 1 1
1
0 0 0 0 , 0 1 1
0
1 0 0 0 , 0 0 1
1
1 0 0 0 , 1 1 0
0
0 0 0 0 , 1 1 1
1
1 0 0 0 , 1 1 1
0
1 1 0 0 , 1 1 1
1
1 1 1 0 ,
0 0 1
0
1 1 0 0 , 0 0 0
0
0 1 1 0 , 0 0 0
0
0 1 1 1 , 0 0 1
1
1 1 1 0 , 1 1 1
1
1 1 1 1 , 1 1 2
1
2 1 0 0 , 1 2 2
1
1 1 0 0 , 1 2 2
1
2 1 1 0 ,
0 0 1
1
1 1 1 1 , 0 1 1
0
1 1 1 0 , 0 1 1
0
1 1 1 1 , 0 1 2
1
1 1 0 0 , 1 2 2
1
2 1 1 1 , 1 1 2
1
2 2 1 0 , 1 1 2
1
2 2 1 1 , 1 2 2
1
2 2 2 1 ,
0 1 2
1
2 1 1 0 , 0 1 2
1
2 1 1 1 , 0 1 2
1
2 2 2 1 , 2 3 4
2
3 2 1 0 , 1 2 3
2
2 1 0 0 , 1 2 3
2
2 2 1 0 , 1 2 3
2
2 2 1 1 , 1 2 3
1
3 2 1 1 ,
2 3 4
2
3 2 1 1 , 2 3 4
2
3 3 2 1 , 2 3 5
3
4 3 2 1 , 2 4 5
2
4 3 2 1 , 1 2 3
1
3 3 2 1 , 1 2 3
1
3 2 1 0 , 1 2 4
2
4 3 2 1 , 1 3 4
2
3 2 1 0 ,
2 4 6
3
5 3 2 1 , 2 4 6
3
5 4 3 1 , 2 4 6
3
5 4 3 2 . 1 3 4
2
3 2 1 1 , 1 3 4
2
3 3 2 1 , 1 2 3
2
3 2 2 1 , 1 3 5
3
4 3 2 1 .
Direct verification shows that the (1, 4, 7, 8)-contributions of the 0-roots and 1-roots
are (16, 56, 26, 14) and (24, 60, 24, 12), respectively. So the total contribution of all
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roots is (20, 58, 25, 13). In view of [4, Planche VII] Condition (C) for λ+ρ =
∑8
i=1 ai̟i
reads
4a1 + 5a2 + 7a3 + 10a4 + 8a5 + 6a6 + 4a7 + 2a8 = 20
10a1 + 15a2 + 20a3 + 30a4 + 24a5 + 18a6 + 12a7 + 6a8 = 58
4a1 + 6a2 + 8a3 + 12a4 + 10a5 + 8a6 + 6a7 + 3a8 = 25
2a1 + 3a2 + 4a3 + 6a4 + 5a5 + 4a6 + 3a7 + 2a8 = 13.
A fairly nice solution to this system of linear equations is given by
λ+ ρ = 1 0 1
0
0 0 1 1 = 1
2
h∨.
Due to our choice of pinning it satisfies Losev’s conditions (A) and (C). Condition (D)
is vacuous as e has standard Levi type and Condition (B) holds thanks to [2, Propo-
sition 5.10]. In view of [32, 5.3], [42, Proposition 11] and [12] we now may conclude
that I(λ) is the unique multiplicity-free primitive ideal in XO(e).
3.7. Type (E8,A2 + 3A1). Here our pinning for e is
• • ◦ • ◦ • ◦
•
and the optimal cocharacter is as follows:
τ = 2 2 (−4)
2
2 (−2) 2 (−1) .
Since dim ge = 94, the total number of positive 0-roots and 1-roots is (94−8)/2 = 43.
The roots are given in the table below.
0-roots 1-roots
0 0 0
0
1 1 0 0 , 0 0 0
0
0 1 1 0 , 1 1 1
0
0 0 0 0 , 0 1 1
0
1 0 0 0 , 0 0 0
0
0 0 1 1 , 0 0 0
0
1 1 1 1 , 1 1 1
0
1 1 1 1 , 0 1 1
1
1 1 1 1 ,
0 1 1
1
0 0 0 0 , 0 0 1
1
1 0 0 0 , 0 1 1
0
1 1 1 0 , 1 1 1
0
1 1 0 0 , 1 1 2
1
2 1 1 1 , 1 2 2
1
1 1 1 1 , 1 2 2
1
2 2 1 1 , 1 1 2
1
2 2 2 1 ,
0 1 1
1
1 1 0 0 , 0 0 1
1
1 1 1 0 , 1 1 2
1
1 0 0 0 , 1 2 2
1
1 1 0 0 , 1 2 3
2
2 1 1 1 , 1 2 3
2
2 2 2 1 , 1 2 3
1
3 2 2 1 , 1 2 3
2
3 2 1 1 ,
1 1 2
1
2 1 0 0 , 0 1 2
1
2 1 1 0 , 1 1 2
1
2 2 1 0 , 1 2 3
2
2 1 0 0 , 1 2 3
2
3 3 2 1 , 2 3 4
2
3 2 1 1 , 1 3 4
2
3 2 2 1 , 2 4 5
2
4 3 2 1 ,
1 2 3
1
2 1 1 0 , 1 2 3
2
2 2 1 0 , 1 2 3
1
3 2 1 0 , 1 3 4
2
3 2 1 0 , 2 3 5
3
4 3 2 1 , 1 3 4
2
4 3 2 1 , 2 3 4
2
3 3 2 1 , 2 4 6
3
5 4 3 1 ,
2 4 6
3
5 4 3 2 , 1 1 2
1
1 1 1 0 . 2 4 6
3
5 3 2 1 .
The (4, 6, 8)-contributions of the 0-roots and 1-roots are (42, 24, 2) and (63, 42, 21),
respectively, and the total contribution of all roots is
(
105
2
, 66
2
, 23
2
)
. In the present
case the orbit O(e) is non-special, and computations with orbit sizes (which we omit)
indicate that one should seek λ+ρ such that all ai are half-integers. Setting a˜i := 2ai
we can rewrite Condition (C) as follows:
10a˜1 + 15a˜2 + 20a˜3 + 30a˜4 + 24a˜5 + 18a˜6 + 12a˜7 + 6a˜8 = 105
6a˜1 + 9a˜2 + 12a˜3 + 18a˜4 + 15a˜5 + 12a˜6 + 8a˜7 + 4a˜8 = 66
2a˜1 + 3a˜2 + 4a˜3 + 6a˜4 + 5a˜5 + 4a˜6 + 3a˜7 + 2a˜8 = 23.
A fairly nice solution to this system of linear equations is given by setting a˜1 = −2
and a˜i = 1 for 2 ≤ i ≤ 8. This leads to the weight λ + ρ =
1
2
ρ − 3
2
̟1 (one can
easily spot even nicer solutions to that system, but unfortunately they do not lead to
weights satisfying Losev’s conditions (A) and (B)).
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Note that our choice of λ + ρ does satisfy Conditions (A) whilst Condition (D) is
vacuous as e once again has standard Levi type. In order to check that λ+ ρ satisfies
Condition (B) we first observe that its integral root system Φλ = Φλ+ρ contains the
positive roots
β1 β2 β3 β4 β5 β6 β7
β8
where
β1 = 0 0 10
1 0 0 0 , β2 = 0 0 00
0 1 1 0 , β3 = 0 1 11
1 0 0 0 , β4 = 1 0 00
0 0 0 0 ,
β5 = 0 1 10
0 0 0 0 , β6 = 0 0 00
1 1 0 0 , β7 = 0 0 00
0 0 1 1 , β8 = 0 1 10
0 0 0 0 ,
and hence has type D8 by the maximality of that root subsystem. Furthermore,
Πλ = {βi | 1 ≤ i ≤ 8} is the basis of the root system Φλ contained in Φ
+. Let {̟′i | 1 ≤
i ≤ 8} ⊂ P (Φ)Q := P (Φ) ⊗Z Q denote the corresponding system of fundamental
weights, so that 〈̟′i, β
∨
j 〉 = δij for all 1 ≤ i, j ≤ 8. Then
λ+ ρ = −̟′4 + 2̟
′
3 +
∑
i 6=,3,4̟
′
i = sβ4sβ5
(∑
i 6=5̟
′
i
)
.
Following [22, Kapitel 2] we put Λ := λ + P (Φ), a subset of P (Φ)Q, and denote
by Λ+ the set of all ν ∈ Λ such that 〈ν + ρ, β∨〉 ≥ 0 for all β ∈ Πλ. Given a weight
ν ∈ Λ we write Π0ν for the set of all β ∈ Πλ such that 〈ν + ρ, β
∨〉 = 0. For an
element x in the integral Weyl group Wλ =W (Φλ) of λ we let τΛ(x) be the set of all
β ∈ Πλ for which x(β) ∈ −Φ
+. In the present case we have that λ = sβ4sβ5  µ where
µ = sβ5sβ4(λ + ρ) − ρ ∈ Λ
+. Besides, Π0µ = {β5} ⊂ τΛ(sβ4sβ5). In this situation [22,
Corollar 10.10(a)] yields that
d
(
U(g)/I(λ)
)
= d
(
U(g)/I(sβ4sβ5  µ)
)
= d
(
U(g)/I(sβ4sβ5  ν)
)
for any regular ν ∈ Λ+. Since all roots in Φλ have the same length it follows from
[22, Corollar 10.10(c)] that
d
(
U(g)/I(sβ4sβ5  ν)
)
= d
(
U(g)/I(sβ4  ν)
)
= d
(
U(g)/I(sβ  ν)
)
for any β ∈ Πλ.
We let g(λ) be the Lie subalgebra of maximal rank in g with root system Φλ (since
all roots in Φ have the same length we may identify g with its Langlands dual Lie
algebra g∨). Applying [32, Proposition 5.3.2] we now deduce that
d
(
U(g)/I(λ)
)
= d
(
U(g)/I(sβ  ν)
)
= dim g− dim g(λ) + dimOλ(w0sβ)
where w0 is the longest element of Wλ and Oλ(w0sβ) is the special nilpotent orbit
in g(λ) attached to the double cell of Wλ containing w0sβ. Since the letter is the
minimal nonzero nilpotent orbit of g(λ) and g(λ) has type D8 we finally obtain
dimVA(I(λ)) = 248− 120 + 26 = 154 = 248− 94 = dimO(e).
As λ + ρ satisfies Condition A we have that e ∈ VA(I(λ)). Then VA(I(λ)) = O(e)
and we see that λ + ρ satisfies all four Losev’s conditions. Since in the present case
ge = [ge, ge] by [12] we conclude that I(−
1
2
ρ − 3
2
̟1) is the only multiplicity-free
primitive ideal in XO(e).
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3.8. Type (E8, 2A2 + A1). In this case we choose the following pinning for e:
• • ◦ • • ◦ ◦
•
Then we can take
τ = 2 2 (−5)
2
2 2 (−2) 0
as an optimal cocharacter. Since dim ge = 86, the total number of positive 0-roots
and 1-roots is (86− 8)/2 = 39. The roots are displayed below.
0-roots 1-roots
0 0 0
0
0 1 1 0 , 0 0 0
0
0 1 1 1 , 0 0 0
0
0 0 0 1 , 1 1 2
1
1 1 0 0 , 1 1 1
1
0 0 0 0 , 0 1 1
1
1 0 0 0 , 0 0 1
1
1 1 0 0 , 1 1 1
0
1 0 0 0 ,
1 2 2
1
1 0 0 0 , 0 1 2
1
2 1 0 0 , 1 1 2
1
2 1 1 0 , 1 1 2
1
2 1 1 1 , 0 1 1
0
1 1 0 0 , 1 1 1
0
1 1 1 0 , 1 1 1
0
1 1 1 1 , 0 1 1
1
1 1 1 0 ,
1 2 2
1
1 1 1 0 , 1 2 2
1
1 1 1 1 , 0 1 2
1
2 2 1 0 , 0 1 2
1
2 2 1 1 , 0 1 1
1
1 1 1 1 , 1 2 3
2
2 2 1 0 , 1 2 3
2
2 2 1 1 , 1 2 3
1
3 2 1 0 ,
1 1 2
1
2 2 2 1 , 1 3 4
2
3 2 1 0 , 1 3 4
2
3 2 1 1 , 2 3 4
2
3 2 2 1 , 1 2 3
1
3 2 1 1 , 1 2 3
2
3 2 2 1 , 1 2 3
1
3 3 2 1 , 2 3 5
3
4 3 2 1 ,
1 3 4
2
3 3 2 1 , 2 4 6
3
4 3 2 1 , 2 4 6
3
5 4 3 1 , 2 4 6
3
5 4 3 2 , 2 4 5
2
4 3 2 1 , 1 2 3
2
2 1 0 0 .
1 2 4
2
4 3 2 1 .
The (4, 7, 8)-contributions of the 0-roots and 1-roots are (58, 26, 14) and (40, 16, 8),
respectively, and the total contribution of all roots is (49, 21, 11). In the present case
the orbit O(e) is non-special and comparing the size of O(e) with the size of a root
subsystem of type E6 + A2 in Φ indicates that one should seek λ + ρ =
∑8
i=1 ai̟i
such that ai ∈
1
3
Z for all 1 ≤ i ≤ 8. Setting a˜i := 3ai we can rewrite Condition (C)
for λ+ ρ as follows:
10a˜1 + 15a˜2 + 20a˜3 + 30a˜4 + 24a˜5 + 18a˜6 + 12a˜7 + 6a˜8 = 147
4a˜1 + 6a˜2 + 8a˜3 + 12a˜4 + 10a˜5 + 8a˜6 + 6a˜7 + 3a˜8 = 63
2a˜1 + 3a˜2 + 4a˜3 + 6a˜4 + 5a˜5 + 4a˜6 + 3a˜7 + 2a˜8 = 33.
A very nice solution to this system of linear equations is given by setting a˜i = 1
for 1 ≤ i ≤ 7 and a˜8 = 3. Due to our choice of pinning this solution satisfies
Condition (A). Since Condition (D) is vacuous in the present case we just need to
check that it satisfies Condition (B).
In order to do so we observe that the integral root system Φλ+ρ of our weight
λ+ ρ = 1
3
(ρ+ 2̟8) contains the positive roots
β1 β3 β4 β5 β6 β7 β8
β2
where
β1 = 0 0 11
1 0 0 0 , β2 = 0 0 00
0 0 0 1 , β3 = 1 1 10
0 0 0 0 , β4 = 0 0 00
1 1 1 0 ,
β5 = 0 1 11
0 0 0 0 , β6 = 0 0 10
1 1 0 0 , β7 = 0 0 10
1 1 0 0 , β8 = 1 1 11
1 1 0 0 ,
and hence has type E6 + A2 (by the maximality of that root subsystem). Further-
more, the roots {βi | 1 ≤ i ≤ 8} form the basis of Φλ contained in Φ
+ and it is
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straightforward to see that λ+ ρ is strongly dominant on Φ+ ∩ Φλ. Since
|Φ+| − |Φ+λ | = 120− 36− 3 = 81 =
1
2
(248− 86) = 1
2
dim O(e),
applying [24, Corollary 3.5] yields dim VA(I(λ)) = dim O(e). Since λ + ρ satisfies
Condition (A) we now deduce that e ∈ VA(I(λ)). Consequently, VA(I(λ)) = O(e)
i.e. Condition (B) holds for λ + ρ. Since in the present case ge = [ge, ge] [12, we
conclude, thanks to [32, 5.3] and [42, Proposition 11], that I(−2
3
ρ + 2
3
̟8) is the
unique multiplicity-free primitive ideal in XO(e).
3.9. Type (E8,A3 + A1). Here e is non-special and our pinning is
• • • ◦ • ◦ ◦
◦
Then the optimal cocharacter for e can be chosen as follows:
τ = 2 2 2
(−3)
(−4) 2 (−1) 0 .
Serious complications that we have encountered in this case are mainly due to the
fact that ge = Ce ⊕ [ge, ge]; see [12]. In this situation one may expect U(g, e) to
possess at least 2 one-dimensional representation. In fact, [19] says that this is indeed
the case and there are exactly two of them. Our task in this subsection will be to
determine the corresponding primitive ideals of U(g) in their Duflo realisations. Since
dim ge = 84, the total number of positive 0-roots and 1-roots is (84−8)/2 = 38. The
roots are given below. The (2, 5, 7, 8)-contributions of the 0-roots and 1-roots are
0-roots 1-roots
0 1 1
0
1 0 0 0 , 0 0 1
0
1 1 0 0 , 0 0 0
0
0 0 0 1 , 1 1 1
1
1 1 1 0 , 0 1 1
1
0 0 0 0 , 0 0 0
0
0 1 1 0 , 0 0 0
0
0 1 1 1 , 1 1 1
1
1 1 0 0 ,
1 1 1
1
1 1 1 1 , 0 1 2
1
1 1 1 0 , 0 1 2
1
1 1 1 1 , 1 2 2
1
2 1 1 1 , 0 1 2
1
1 1 0 0 , 1 1 2
1
1 0 0 0 , 0 1 1
0
1 1 1 0 , 0 1 1
0
1 1 1 1 ,
1 2 2
1
2 1 1 0 , 1 1 2
1
2 2 1 0 , 1 1 2
1
2 2 1 1 , 1 2 3
2
2 1 0 0 , 1 2 2
1
2 1 0 0 , 1 2 2
1
2 2 2 1 , 1 2 3
2
2 2 1 0 , 1 2 3
2
3 2 1 1 ,
1 2 3
2
2 2 2 1 , 1 2 3
1
3 2 1 0 , 1 2 3
1
3 2 1 1 , 1 3 4
2
3 2 2 1 , 1 2 3
1
3 3 2 1 , 1 3 4
2
3 2 1 0 , 1 3 4
2
3 2 1 1 , 2 4 5
3
4 3 2 1 ,
1 2 4
2
3 3 2 1 , 1 3 5
2
4 3 2 1 , 2 4 6
3
5 4 3 1 , 2 4 6
3
5 4 3 2 , 2 4 6
3
5 4 2 1 .
2 3 4
2
4 3 2 1 .
(28, 48, 26, 14) and (21, 31, 16, 6), respectively, and the total contribution of all roots
is
(
49
2
, 79
2
, 42
2
, 22
2
)
. It seems reasonable to seek λ + ρ =
∑8
i=1 ai̟i for which all ai are
half-integers. Numerology of orbit sizes indicates that the integral root system of λ
should have type E7 + A1 and the nilpotent orbit in the Lie algebra g(λ) (as defined
in the previous subsection) should have type 2A1 + 0. Indeed, the nilpotent orbit of
type 2A1 in a Lie algebra of type E7 is special of dimension 52 and
dimO(e) = 248− 84 = 164 = 112 + 52 + 0 = (248− 133− 3) + 52 + 0,
which is clearly in line with [32, Proposition 5.3.2]. Since all other options a priori
available to us turned out to be dead ends, this is actually our only hope.
Note that due to our choice of pinning Condition (A) can be restated by saying
that 〈λ + ρ, γ∨〉 6∈ Z>0 for any γ ∈ Φ+ which is a linear combination of αi with
i ∈ {1, 3, 4, 6}.
23
Setting a˜i := 2ai we can rewrite Condition (C) as follows:
5a˜1 + 8a˜2 + 10a˜3 + 15a˜4 + 12a˜5 + 9a˜6 + 6a˜7 + 3a˜8 = 49
8a˜1 + 12a˜2 + 16a˜3 + 24a˜4 + 20a˜5 + 15a˜6 + 10a˜7 + 5a˜8 = 79
4a˜1 + 6a˜2 + 8a˜3 + 12a˜4 + 10a˜5 + 8a˜6 + 6a˜7 + 3a˜8 = 42
2a˜1 + 3a˜2 + 4a˜3 + 6a˜4 + 5a˜5 + 4a˜6 + 3a˜7 + 2a˜8 = 22.
A not entirely random solution to this system of linear equations is given by putting
a˜i = −1 for i ∈ {1, 4}, a˜i = 1 for i ∈ { 6, 7}, a˜i = 2 for i ∈ {5, 8}, a˜3 = 0 and a˜2 = 3.
This leads to the weight
λ+ ρ = 1
2
(−̟1 + 3̟2 −̟4 + 2̟5 +̟6 +̟7 + 2̟8)
which satisfies Conditions (A), whilst Condition (D) is again vacuous. It is straight-
forward to see that Φλ contains the positive roots
β1 β3 β4 β5 β6 β7 β8
β2
where
β1 = 0 0 00
0 0 0 1 , β2 = 1 1 10
0 0 0 0 , β3 = 0 0 00
0 1 1 0 , β4 = 0 0 00
1 0 0 0 ,
β5 = 0 0 11
0 0 0 0 , β6 = 0 1 00
0 0 0 0 , β7 = 0 0 10
1 1 0 0 , β8 = 1 1 11
1 1 0 0 ,
and hence has type E7 + A1 (by the maximality of that root subsystem). Moreover,
the roots {βi | 1 ≤ i ≤ 8} form the basis of Φλ contained in Φ
+. Let {̟′i | 1 ≤ i ≤ 8}
denote the corresponding system of fundamental weights, so that 〈̟′i, β
∨
j 〉 = δij for
all 1 ≤ i, j ≤ 8. Then
λ+ ρ = −̟′2 + 2̟
′
8 +
∑
i 6=,2,6,8̟
′
i = sβ2sβ4sβ6
(
2̟8 +
∑
i 6=4,6,8̟
′
i
)
.
So λ = sβ2sβ4sβ6  µ where µ = sβ6sβ4sβ2(λ+ ρ)− ρ ∈ Λ
+. Also,
Π0µ = {β4, β6} ⊂ τΛ(sβ2sβ4sβ6).
Applying [22, Corollar 10.10(a)] we now get
d
(
U(g)/I(λ)
)
= d
(
U(g)/I(sβ2sβ4sβ6  µ)
)
= d
(
U(g)/I(sβ2sβ4sβ6  ν)
)
for any regular ν ∈ Λ+, whilst [22, Corollar 10.10(c)] yields
d
(
U(g)/I(sβ2sβ4sβ6  ν)
)
= d
(
U(g)/I(sβ6sβ4sβ2  ν)
)
= d
(
U(g)/I(sβ6sβ4  ν)
)
.
Since g(λ) is a Lie algebra of type of type E7 + A1, applying [32, Proposition 5.3.2]
now entails that
d
(
U(g)/I(λ)
)
= d
(
U(g)/I(sβ6sβ4  ν)
)
= 112 + dimOλ(w0sβ6sβ4)
where w0 is the longest element of Wλ and Oλ(w0sβ6sβ4) is the special nilpotent orbit
in g(λ) attached to the double cell of Wλ containing w0sβ6sβ4 .
At this point we can invoke the description of double cells in the Weyl groupW (E7)
obtained by Yu Chen and Jian-Yi Shi in [10]. According to Table 4.2.1 in loc. cit.
the set W (2) = {w ∈ W | a(w) = 2} is a single double cell of W whose dual double
cell w0W
(2) is associated with the nilpotent orbit of type 2A1 (here w0 stands for the
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longest element of W (E7). Since the roots β4 and β6 are orthogonal to each other, we
have that a(sβ6sβ4) = 2. From this it is immediate that the orbit Oλ(w0sβ6sβ4) has
type 2A1 + 0 in g(λ). In conjunction with our remarks earlier in this subsection this
shows that dimVA(I(λ)) = dimO(e). Since λ+ ρ satisfies Condition A we have that
e ∈ VA(I(λ)). Hence VA(I(λ)) = O(e) and we finally deduce that λ + ρ satisfies all
four Losev’s conditions. As a result, I(−3
2
̟1 +
1
2
̟2 −̟3 −
3
2
̟4 −
1
2
̟6 −
1
2
̟7) is a
multiplicity-free primitive ideal in XO(e).
The second weight, λ′ + ρ, leading to a one-dimensional representations of U(g, e)
was eventually found (after many unsuccessful attempts) when we imposed that
(a) Φλ′ = Φλ;
(b) 〈λ′ + ρ, β∨8 〉 = 1.
There was no “scientific” reason to impose these conditions, but the central characters
of one-dimensional representations of finite W -algebras do tend to be rather small
and all root subsystems of type E7 + A1 in Φ are conjugate under the action of the
Weyl group. Condition (C) together with (b) leads to the following system of linear
equations:
b˜1 + b˜2 + b˜3 + b˜4 + b˜5 + b˜6 = 2
5b˜1 + 8b˜2 + 10b˜3 + 15b˜4 + 12b˜5 + 9b˜6 + 6b˜7 + 3b˜8 = 49
8b˜1 + 12b˜2 + 16b˜3 + 24b˜4 + 20b˜5 + 15b˜6 + 10b˜7 + 5b˜8 = 79
4b˜1 + 6b˜2 + 8b˜3 + 12b˜4 + 10b˜5 + 8b˜6 + 6b˜7 + 3b˜8 = 42
2b˜1 + 3b˜2 + 4b˜3 + 6b˜4 + 5b˜5 + 4b˜6 + 3b˜7 + 2b˜8 = 22.
Here λ′ + ρ =
∑8
i=1 bi̟i, where all bi are half-integers, and b˜i = 2bi for 1 ≤ i ≤ 8.
Setting b˜i = 1 for i ∈ {4, 6, 7}, b˜i = 2 for i ∈ { 5, 8}, b˜1 = −3, b˜2 = 3 and b˜3 = −2
provides us with a rather ordinary looking solution which leads to the weight
λ′ + ρ = 1
2
(−3̟1 + 3̟2 − 2̟3 +̟4 + 2̟5 +̟6 +̟7 + 2̟8).
This weight does satisfy Conditions (A) and computations show that
λ′ + ρ = −2̟′2 −̟
′
6 + 2̟
′
7 +
∑
i 6=,2,6,7̟
′
i = sβ6sβ2sβ4sβ3sβ5
(∑
i 6=3,5̟
′
i
)
.
Then λ′ = sβ6sβ2sβ4sβ3sβ5  µ
′ where µ′ = sβ5sβ3sβ4sβ2sβ6(λ
′ + ρ)− ρ ∈ Λ+, and
Π0µ′ = {β3, β5} ⊆ τΛ(sβ6sβ2sβ4sβ3sβ5).
Applying [22, Corollar 10.10(a)] once again we get
d
(
U(g)/I(λ′)
)
= d
(
U(g)/I(sβ6sβ2sβ4sβ3sβ5  µ
′)
)
= d
(
U(g)/I(sβ6sβ2sβ4sβ3sβ5  ν)
)
for any regular ν ∈ Λ+. Then [22, Corollar 10.10(c)] yields
d
(
U(g)/I(λ′)
)
= d
(
U(g)/I(sβ2sβ4sβ3sβ6sβ5  ν)
)
= d
(
U(g)/I(sβ2sβ4sβ3sβ6  ν)
)
= d
(
U(g)/I(sβ6sβ2sβ4sβ3  ν)
)
= d
(
U(g)/I(sβ6sβ2sβ4  ν)
)
= d
(
U(g)/I(sβ6sβ2  ν)
)
= dimO(e)
because the equality a(sβ6sβ2) = 2 holds in the Weyl group W (Φλ) (here we again
rely on [10, Table 4.2.1]). Arguing as in the previous case we are now able to conclude
that I(−5
2
̟1 +
1
2
̟2 − 2̟3 −
1
2
̟4 −
1
2
̟6 −
1
2
̟7) is a multiplicity-free primitive ideal
in XO(e).
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If I(λ) = I(λ′) then λ′+ρ = w(λ+ρ) for some w ∈ W . Since Φλ = Φλ′ the element
w must preserve Φλ. But then w ∈ W (Φλ) as the root system of type E7 + A1 has
no outer automorphisms. The latter, however, is impossible since λ + ρ and λ′ + ρ
take different positive values at β∨8 (which generates the component of type A1 in
Φλ). Therefore, the primitive ideals I(λ) and I(λ
′) are distinct and hence so are the
respective one-dimensional representations of U(g, e).
3.10. Type (E8, 2A2 + 2A1). Here our pinning for e is
• • ◦ • • ◦ •
•
and we can take
τ = 2 2 (−5)
2
2 2 (−3) 2
as an optimal cocharacter. Since dim ge = 80, the total number of positive 0-roots and
1-roots is (80− 8)/2 = 36. The roots are given below. The (4, 7)-contributions of the
0-roots 1-roots
1 1 1
0
1 1 1 0 , 0 1 1
1
1 1 1 0 , 0 0 1
1
1 1 1 1 , 1 2 2
1
1 0 0 0 , 1 1 1
1
0 0 0 0 , 1 1 1
0
1 0 0 0 , 0 1 1
1
1 0 0 0 , 1 1 1
0
1 0 0 0 ,
0 1 2
1
2 1 0 0 , 1 1 2
1
1 1 0 0 , 1 1 2
1
2 2 2 1 , 1 2 3
2
2 1 1 1 , 0 0 0
0
0 1 1 1 , 0 0 1
1
1 1 0 0 , 0 1 1
0
1 1 0 0 , 1 1 2
1
2 1 1 1 ,
1 2 3
1
2 2 1 1 , 1 2 3
2
2 2 1 0 , 1 2 3
1
3 2 1 0 , 1 2 4
2
4 3 2 1 , 1 2 2
1
1 1 1 1 , 1 2 2
1
2 1 1 0 , 0 1 2
1
2 2 1 1 , 1 1 2
1
3 2 1 1 ,
1 3 4
2
3 3 2 1 , 2 3 4
2
3 2 2 1 , 2 4 6
3
5 3 2 1 , 0 1 1
0
1 1 1 1 . 1 2 3
2
2 1 0 0 , 1 2 3
2
3 2 2 1 , 1 2 3
1
3 3 2 1 , 2 3 4
2
3 2 1 0 ,
1 3 4
2
3 2 1 1 , 2 4 5
2
4 3 2 1 , 2 3 5
3
4 3 2 1 , 2 4 6
3
5 4 3 2 .
0-roots and 1-roots are (42, 18) and (48, 20), respectively, and the total contribution
of all roots is (45, 19). The orbit O(e) is non-special in the present case and comparing
its size with the size of a root subsystem of type A8 in Φ indicates that one should
again seek λ + ρ =
∑8
i=1 ai̟i such that ai ∈
1
3
Z for all 1 ≤ i ≤ 8. Setting a˜i := 3ai
we can rewrite Condition (C) as follows:
10a˜1 + 15a˜2 + 20a˜3 + 30a˜4 + 24a˜5 + 18a˜6 + 12a˜7 + 6a˜8 = 135
4a˜1 + 6a˜2 + 8a˜3 + 12a˜4 + 10a˜5 + 8a˜6 + 6a˜7 + 3a˜8 = 57.
Already at this point we can see that as our orbits get larger Condition (C) gets weaker
and weaker. But as a counterweight Condition (A) gets more and more restrictive.
An exceptionally nice solution to our system is given by a˜i = 1 for all 1 ≤ i ≤ 8.
Due to the choice of pinning it does not violate Condition (A). Since Condition (D)
is again vacuous it remains to show that it satisfies Condition (B). To do that we first
observe that the integral root system of our weight λ + ρ = 1
3
ρ contains the positive
roots
β1 β2 β3 β4 β5 β6 β7 β8
where
β1 = 0 1 10
1 0 0 0 , β2 = 0 0 00
0 1 1 1 , β3 = 0 0 11
1 0 0 0 , β4 = 1 1 10
0 0 0 0 ,
β5 = 0 0 00
1 1 1 0 , β6 = 0 1 11
0 0 0 0 , β7 = 0 0 10
1 1 0 0 , β8 = 1 1 11
1 1 0 0 ,
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and hence has type A8 (by the maximality of that root subsystem). Furthermore, the
roots {βi | 1 ≤ i ≤ 8} form the basis of Φλ contained in Φ
+ and λ + ρ is strongly
dominant on Φ+ ∩ Φλ. Since
|Φ+| − |Φ+λ | = 120− 36 = 84 =
1
2
(248− 80) = 1
2
dim O(e),
applying [24, Corollary 3.5] we obtain dim VA(I(λ)) = dim O(e). Since λ+ρ satisfies
Condition (A) we get e ∈ VA(I(λ)). So VA(I(λ)) = O(e), that is Condition (B) holds
for λ + ρ. Since in the present case ge = [ge, ge] by [12], combining [32, 5.3] and [42,
Proposition 11] yields that I(−2
3
ρ) is the unique multiplicity-free primitive ideal in
XO(e).
3.11. Type (E8,A3 + 2A1). We choose the following pinning for e:
◦ • ◦ • • • ◦
•
and we take
τ = (−1) 2 (−5)
2
2 2 2 (−3)
as an optimal cocharacter. Since dim ge = 76, the total number of positive 0-roots
and 1-roots is (76− 8)/2 = 34. The roots are given below.
0-roots 1-roots
1 1 1
1
1 0 0 0 , 1 1 1
0
1 1 0 0 , 0 1 1
0
1 1 1 1 , 0 0 1
1
1 1 1 1 , 1 1 0
0
0 0 0 0 , 0 1 1
1
1 0 0 0 , 0 1 1
0
1 1 0 0 , 0 0 1
0
1 1 0 0 ,
1 2 2
1
2 1 1 1 , 1 1 2
1
2 2 1 1 , 1 2 3
1
2 2 1 0 , 1 2 3
2
2 1 1 0 , 0 0 1
0
1 1 1 0 , 0 0 0
0
0 1 1 1 , 1 1 1
1
1 1 1 1 , 1 2 2
1
1 1 1 0 ,
2 3 4
2
3 2 1 0 , 2 3 5
3
4 3 2 1 , 2 4 5
2
4 3 2 1 , 1 2 4
2
3 3 2 1 , 1 1 2
1
2 1 1 0 , 0 1 2
1
2 2 1 1 , 1 2 3
2
3 2 1 1 , 2 3 4
2
3 3 2 1 ,
1 3 4
2
3 2 2 1 , 2 4 6
3
5 4 3 2 , 0 1 2
1
2 1 0 0 , 0 1 2
1
1 1 1 0 . 1 3 5
3
4 3 2 1 , 1 3 4
2
3 2 1 0 , 2 4 6
3
5 4 2 1 , 1 2 2
1
2 1 0 0 ,
1 2 3
1
3 2 2 1 , 1 2 3
2
2 2 2 1 .
The (1, 4, 8)-contributions of the 0-roots and 1-roots are (16, 46, 10) and (14, 41, 9),
respectively, and the total contribution of all roots is
(
30
2
, 87
2
, 19
2
)
. The orbit O(e) is
non-special and looking through the options available in the present case one comes
to the conclusion that one should seek λ + ρ with Φλ of type D8. In view of [32,
Proposition 5.3.2] the special nilpotent orbit in the Lie algebra g(λ) then must have
dimension 248− 76− 128 = 54. We show below that such an orbit does exist.
Let V be a 16-dimensional vector space over C and let Ψ be a non-degenerate
symmetric bilinear form on V . We shall identify g(λ) with the Lie subalgebra of
gl(V ) consisting of all linear transformations A such
Ψ
(
A(v), v′
)
+Ψ
(
v, A(v′)
)
= 0 (∀ v, v′ ∈ V ).
Then to each nilpotent element X ∈ g(λ) we can associate a partition p = p(X) of
16 whose parts are the Jordan block sizes of the linear transformation X ∈ gl(V )
arranged in the descending order. Let r = r(X) = (r1 ≥ · · · ≥ rk) be the partition
transpose (conjugate) to p. Then it is well known that
(1) dim g(λ)X =
1
2
(
dim gl(V )X − nodd(X)
)
= 1
2
((∑k
i=1 r
2
i
)
− nodd(X)
)
where nodd(X) is the number of odd parts of p; see [23, 3.1] for instance. Furthermore,
it is known that there exists a unique up to conjugacy in SO(Ψ) special nilpotent
element X ∈ g(λ) such that p(X) = (24, 18). Then r(X) = (12, 4), nodd(X) = 8 and
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(1) yields dim g(λ)X =
1
2
(144 + 16− 8) = 76. The nilpotent orbit in g(λ) containing
X has dimension 120− 76 = 54 which is what we need.
The above discussion indicates that we should seek λ + ρ =
∑8
i=1 ai̟i such that
all ai are half-integers. Setting a˜i = 2ai for 1 ≤ i ≤ 8 we can rewrite Condition (C)
as follows:
4a˜1 + 5a˜2 + 7a˜3 + 10a˜4 + 8a˜5 + 6a˜6 + 4a˜7 + 2a˜8 = 30
10a˜1 + 15a˜2 + 20a˜3 + 30a˜4 + 24a˜5 + 18a˜6 + 12a˜7 + 6a˜8 = 87
2a˜1 + 3a˜2 + 4a˜3 + 6a˜4 + 5a˜5 + 4a˜6 + 3a˜7 + 2a˜8 = 19.
Since in the present case there is no hope to find a correct solution by a lucky guess,
we shall try a more roundabout approach. Namely, we are going to start by selecting
a root subsystem of type D8 in Φ to which we shall assign the role of Φλ. Next we
shall rewrite our system of linear equations in terms of the fundamental weights of
that subsystem. Then a correct solution will eventually unveil itself.
We consider the following linearly independent positive roots in Φ:
β1 = 0 1 10
0 0 0 0 , β2 = 0 0 00
1 1 1 0 , β3 = 0 0 11
0 0 0 0 , β4 = 1 1 00
0 0 0 0 ,
β5 = 0 0 10
1 0 0 0 , β6 = 0 0 00
0 1 0 0 , β7 = 0 1 11
1 0 0 0 , β8 = 0 0 00
0 0 1 1 .
It is straightforward to see that the standard recipe for assigning graphs to root
systems leads to the Dynkin diagram of type D8:
β1 β2 β3 β4 β5 β6 β7
β8
It follows that Φ0 := Φ ∩
(⊕8
i=1 Zβi
)
is a root subsystem of type D8 in Φ (by the
maximality of that root subsystem) and the set Π0 := {βi | 1 ≤ i ≤ 8} is the basis
of simple roots in Φ0 contained in Φ
+. Let {̟′i | 1 ≤ i ≤ 8} ⊂ P (Φ)Q be the
corresponding system of fundamental weights, so that 〈̟′i, β
∨
i 〉 = δij for 1 ≤ i, j ≤ 8.
Looking at the explicit expressions for the βi’s it is easy to observe that
̟1 = ̟
′
4, ̟8 = ̟
′
8, ̟4 = ̟
′
1 +̟
′
3 +̟
′
5 +̟
′
7.
As Π0 spans P (Φ)Q we have that λ + ρ =
∑8
i=1 bi̟
′
i for some bi ∈ Q, but since we
fashion Φ0 as the integral root system of λ it must be that bi ∈ Z for all i. Using [4,
Planche IV] we find explicit expressions of ̟′4, ̟
′
1 +̟
′
3 +̟
′
5 +̟
′
7 and ̟
′
8 as linear
combinations of roots in Π0. This enables us to rewrite Condition (C) as follows:
b1 + 2b2 + 3b3 + 4b4 + 4b5 + 4b6 + 2b7 + 2b8 = 15
7
2
b1 + 6b2 +
17
2
b3 + 10b4 +
23
2
b5 + 12b6 +
13
2
b7 + 6b8 =
87
2
1
2
b1 + b2 +
3
2
b3 + 2b4 +
5
2
b5 + 3b6 +
3
2
b7 + 2b8 =
19
2
.
An almost perfect solution to this system is given by setting b3 = b6 = 0 and bi = 1
for i ∈ {1, 2, 4, 5, 7, 8} and leads to the weight µ + ρ =
∑
i 6=3,6̟
′
i. Although it does
not satisfy Condition (A), this can be easily amended by replacing it with the weight
λ+ ρ = sβ2(µ+ ρ) = 2̟
′
1 −̟
′
2 +̟
′
3 +̟
′
4 +̟
′
5 +̟
′
7 +̟
′
8.
This provides us with another solution because 〈̟′i, β
∨
2 〉 = 0 for i ∈ {1, 3, 4, 5, 7, 8}.
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Let g0 be the regular Lie subalgebra of g with root system Φ0 and let I0(λ) be
the annihilator in U(g0) of the irreducible g0-module of highest weight λ. Since g0
has type D we can compute the associated variety VA(I0(λ)) by using the Barbasch–
Vogan algorithm; see [1]. In fact, we found it more convenient to use the modified
version of that algorithm described in [5, 5.3].
In Step 1 our aim is to expand λ + ρ via the orthonormal basis {ε1, ε2, . . . , ε8} of
P (Φ0)R by using the formulae for fundamental weights from [4, Planche IV]. After
doing so we get λ+ ρ = 5ε1 + 3ε2 + 4ε3 + 3ε4 + 2ε5 + ε6 + ε7 + 0ε8.
In Step 2, we are supposed to apply the Robinson–Shensted algorithm on the se-
quence of numbers (5, 3, 4, 3, 2, 1, 1, 0̂, 0,−1,−2,−3,−4,−3,−5) obtained from Step 1,
where 0̂ > 0 by convention. Recall that the Robinson–Shensted algorithm inputs a
tuple of real numbers, n, and outputs a Young tableau RS(n). The reader familiar
with the combinatorial procedure (sometimes referred to as bumping) upon which the
algorithm is based will have no problem to check that the partition q associated with
the tableau RS(λ + ρ) equals (24, 18) (the i-th part of q is the number of rows of
RS(λ+ ρ); see [5, 4.1]).
Next we are supposed to write the parts of q in the ascending order, q1 ≤ · · · ≤
qk, and create the list of numbers (ri) where ri = qi − i + 1. We then have to
separate the even and odd parts of that list to obtain two sublists, (2s1, . . . , 2sl) and
(2t1 + 1, . . . , 2tm + 1), consisting of the even and odd parts of (ri) respectively. After
doing so we obtain (2, 4, 6, 8, 10, 12) and (1, 3, 5, 7, 11, 13).
In Step 3, we are first required to form two lists, (si) and (ti), and concatenate
them. In our case this will produce the list (0, 1, 1, 2, 2, 3, 3, 4, 5, 5, 6, 6). Next we are
to split this into two sublists, (s′i) and (t
′
i), consisting of the terms with odd and even
indices, respectively. We then get (s′i) = (0, 1, 2, 3, 5, 6) and (t
′
i) = (1, 2, 3, 4, 5, 6).
Next we are required to form two new lists, (2s′i + 1) and (2t
′
i), and concatenate
them. In our case this will produce the list (r′i) = (1, 2, 3, 4, 5, 6, 7, 8, 10, 11, 12, 13).
Finally, we put q′i = r
′
i − i + 1 and rearrange the parts q
′
i in the descending order.
The resulting partition will label the open orbit in VA(I0(λ)). Since in our case
(q′i) = (1, 1, 1, 1, 1, 1, 1, 1, 2, 2, 2, 2) we deduce that the open orbit of the associated
variety of I0(λ) contains a nilpotent element X with p(X) = (2
4, 18).
After expressing the ̟′i in terms of {̟1, . . . , ̟8} one finds out that
λ+ ρ = 1
2
̟1 −
1
2
̟2 +
1
2
̟3 +
3
2
̟4 −
1
2
̟5 −
1
2
̟7 +
3
2
̟8
(one can also see directly that this weight satisfies all required linear equations). Since
Φ0 ⊆ Φλ ( Φ, the maximality of the root subsystem Φ0 implies that Φλ = Φ0. But
then g(λ) = g0 and combining [32, Proposition 5.3.2] with the above discussion shows
that dim VA(Iλ)) = dimO(e).
Due to our choice of pinning λ + ρ satisfies Condition (A) which implies that
VA(I(λ)) = O(e). We conclude that λ + ρ satisfies all Losev’s conditions. As ge =
[ge, ge] by [12] we see that I(−
1
2
̟1 −
3
2
̟2 −
1
2
̟3 +
1
2
̟4 −
3
2
̟5 −̟6 −
3
2
̟7 +
1
2
̟8) is
the only multiplicity-free primitive ideal in XO(e).
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3.12. Type (E8,D4(a1) + A1). In this case our pinning for e is
◦ • • • ◦ • ◦
•
and following [28] we assume that e = e0 + eα7 where
e0 = eα2 + eα3 + eα5 + eα2+α4 + eα4+α5 .
Then, as in [28], we may choose
τ = (−4) 2 0
2
2 (−5) 2 (−1)
as an optimal cocharacter for e. Let l be the standard Levi subalgebra of g generated
by Lie(T ) and simple root vectors e±αi with i ∈ {2, 3, 4, 5}. Note that the derived
subalgebra l′ = [l, l] has type D4 and e0 is a subregular nilpotent element of l
′.
Since dim ge = 72, the total number of positive 0-roots and 1-roots is (72− 8)/2 =
32. The roots are given below.
0-roots 1-roots
0 0 1
0
0 0 0 0 , 1 1 1
1
0 0 0 0 , 1 1 1
0
1 0 0 0 , 0 1 1
0
1 1 1 1 , 0 0 0
0
0 0 1 1 , 0 1 1
0
1 1 1 0 , 0 0 1
1
1 1 1 0 , 1 2 2
1
1 1 1 0 ,
0 0 1
1
1 1 1 1 , 1 2 2
1
1 1 1 1 , 1 1 2
1
2 1 1 1 , 1 2 3
1
3 2 1 0 , 1 1 2
1
2 1 1 0 , 1 2 2
1
2 1 0 0 , 0 1 1
1
1 1 0 0 , 0 1 2
1
1 1 0 0 ,
1 2 3
2
2 2 1 0 , 1 3 4
2
3 3 2 1 , 1 2 4
2
4 3 2 1 , 2 3 4
2
3 2 1 0 , 0 1 2
1
2 2 2 1 , 1 2 3
1
3 2 2 1 , 1 2 3
2
2 2 2 1 , 1 2 3
2
3 2 1 1 ,
2 4 5
2
4 3 2 1 , 2 3 5
3
4 3 2 1 , 2 4 6
3
5 4 3 2 , 0 1 2
1
2 2 1 0 . 2 3 4
2
3 2 2 1 , 2 4 6
3
5 4 3 1 , 1 2 3
1
2 1 0 0 , 1 2 4
2
3 2 1 1 .
The (1, 6, 8)-contributions of the 0-roots and 1-roots are (16, 28, 10) and (12, 24, 8),
respectively, and the total contribution of all roots is (14, 26, 9). It is well known that
our nilpotent element e is special and e∨ ∈ g∨ has type E8(a6) and
h∨ = 0 0 2
0
0 0 2 0 .
Condition (C) for λ+ ρ =
∑8
i=1 ai̟i reads
4a1 + 5a2 + 7a3 + 10a4 + 8a5 + 6a6 + 4a7 + 2a8 = 14
6a1 + 9a2 + 12a3 + 18a4 + 15a5 + 12a6 + 8a7 + 4a8 = 26
2a1 + 3a2 + 4a3 + 6a4 + 5a5 + 4a6 + 3a7 + 2a8 = 9
and the weight 1
2
h∨ does satisfy this system of linear equations. Unfortunately, it
fails to satisfy the rest of Losev’s conditions. In order to amend that we shall replace
it by
λ+ ρ := (s2s3s5s4)
2s7
(
1
2
h∨
)
= (s2s3s5s4)
2
(
0 0 1
0
0 1 (−1) 1
)
= 2 (−1) 1
(−1)
(−1) 3 (−1) 1
which still satisfies Condition (C) as 〈̟i, α
∨
j 〉 = 0 for i ∈ {1, 6, 8} and j ∈ {2, 3, 4, 5, 7}.
We now show that λ + ρ satisfies Condition (B). Thanks to [2, Proposition 5.10],
[22, Corollar 10.10] and the truth of the Kazhdan–Lusztig conjecture it suffices to
check that (s2s3s5s4)
2s7s1s3s1s2s5s6s5s8 and s1s3s1s2s5s6s5s8 are in the same left
Kazhdan–Lusztig cell of W .
Ler S = {si | 1 ≤ i ≤ 8}. For w ∈ W we set L(w) := {s ∈ S | ℓ(sw) < ℓ(w)} and
given s, t ∈ S with (st)3 = 1 we define
DL(s, t) := {w ∈ W | L(w) ∩ {s, t} has exactly one element}.
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By [27, § 4], if w ∈ DL(s, t) then exactly one of sw, tw lies in DL(s, t). This uniquely
determined element is denoted by ∗w. The map w 7→ ∗w is an involution on DL(s, t).
Given x, y ∈ W we write x − y if either deg Px,y of degPy,x reaches its upper bound
(|l(y) − l(x)| − 1)/2; see [9, 2.1] for more detail. Here Pu,v is the Kazhdan–Lusztig
polynomial associated with u, v ∈ W and | · | stands for the absolute value of a real
number. It follows from [27, 2.3.e] that x − sx for all s ∈ S and x ∈ W . For x, y ∈ W
we write x 6L y it there exists a sequence of elements x = x0, x1, . . . , xn = y in W
such that xi−1 − xi and L(xi−1) 6⊆ L(x) for all 1 ≤ i ≤ n. If x 6L y and y 6L x, we
write x ∼L y.
Set w1 = (s2s3s5s4)
2s7 and w2 = s1s3s1s2s5s6s5s8. The proof of the following
proposition was kindly communicated to the author by Yu Chen. His arguments rely
on the following fact: if x − y for some x, y ∈ DL(s, t) where s, t ∈ S and (st)
3 = 1,
then ∗x − ∗y. That fact is a consequence of [27, Theorem 4.2] (and definitions).
Proposition 3.1. (Yu Chen.) We have that w1w2 ∼L w2.
Proof. Set x1 := (s2s3s5s4)
2 and x2 := s1s3s1s2s5s6s5. Then w1 = x1s7 and w2 = x2s8.
We claim that s4s2s3s5s4x2 ∼L s2s4s2s3s5s4x2. To prove this we analyse Table I.
The first and the last columns are easy to fill in directly, whilst he first line in the
middle column is true by our preliminary remarks. Then the second line in the
middle column is true because s4s2s3s5s4x2, s2s4s2s3s5s4x2 are in DL(s4, s5) and
s2s3s5s4x2 =
∗(s4s2s3s5s4x2) and s2s4s2s3s5s4x2 =
∗(s2s4s3s5s4x2). Then the third
line in the middle column is true because s2s3s5s4x2, s2s4s3s5s4x2 are in DL(s1, s3)
and s2s5s4x2 =
∗(s2s3s5s4x2), s1s2s4s2s3s5s4x2 =
∗(s2s4s3s5s4x2). Finally, the last
line in the middle column is true because s2s5s4x2, s1s2s4s2s3s5s4x2 are in DL(s5, s6)
and s2s4x2 =
∗(s2s5s4x2), s6s1s2s4s2s3s5s4x2 =
∗(s1s2s4s2s3s5s4x2).
L(x) x – y L(y)
{s4} s4s2s3s5s4x2 – s2s4s2s3s5s4x2 {s2, s4}
{s2, s3, s5} s2s3s5s4x2 – s2s4s3s5s4x2 {s2, s3, s5}
{s1, s2, s5} s2s5s4x2 – s1s2s4s3s5s4x2 {s1, s2, s5}
{s1, s2, s4, s6} s2s4x2 – s6s1s2s4s3s5s4x2 {s1, s2, s6}
Table I
Combining the information given in the first and the last columns with our preliminary
remarks we now obtain that
s2s4s2s3s5s4x2 6L s4s2s3s5s4x2 6L s2s3s5s4x2 6L s2s5s4x2 6L s2s4x2
6L s6s1s2s4s3s5s4x2 6L s1s2s4s3s5s4x2 6L s2s4s3s5s4x2
6L s2s4s2s3s5s4x2.
Next we claim that s2s4s2s3s5s4x2 ∼L s2s3s4s2s3s5s4x2. In order to see this we analyse
Thable II. It is fairly straightforward to determine L(x) and L(y) in all cases and fill
in the first and the last columns of Table II. The first line of the middle column is
true by our introductory remarks. To check that the other lines in the middle column
are correct we consider the subsets DL(s4, s5), DL(s2, s4), DL(s1, s3), DL(s3, s4) and
DL(s4, s5) (in that order) and each time pass from x − y to
∗x − ∗y.
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L(x) x – y L(y)
{s2, s4} s2s4s2s3s5s4x2 – s2s3s4s2s3s5s4x2 {s2, s3, s4}
{s2, s3, s5} s2s4s3s5s4x2 – s5s2s3s4s2s3s5s4x2 {s2, s3, s5}
{s3, s4, s5} s4s3s5s4x2 – s5s3s4s2s3s5s4x2 {s3, s4, s5}
{s1, s4, s5} s1s4s3s5s4x2 – s1s5s3s4s2s3s5s4x2 {s1, s4, s5}
{s1, s3, s5} s1s3s5s4x2 – s3s1s5s3s4s2s3s5s4x2 {s1, s3, s5}
{s1, s3, s4, s6} s1s3s4x2 – s3s1s3s4s2s3s5s4x2 {s1, s3, s4}
Table II
As a result, we obtain that
s2s3s4s2s3s5s4x2 6L s2s4s2s3s5s4x2 6L s2s4s3s5s4x2 6L s4s3s5s4x2 6L s1s4s3s5s4x2
6L s1s3s5s4x2 6L s1s3s4x2 6L s3s1s3s4s2s3s5s4x2
6L s3s1s5s3s4s2s3s5s4x2 6L s1s5s3s4s2s3s5s4x2 6L s5s3s4s2s3s5s4x2
6 s5s2s3s4s2s3s5s4x2 6L s2s3s4s2s3s5s4x2.
Next we wish to show that x1x2 ∼L x2. To this end we first determine L(w) for
all w listed in the first column of Table III and then observe that x ∼L y for all x, y
listed in the first six and the last two lines of that table.
w L(w)
x2 {s1, s2, s3, s5, s6}
s4x2 {s1, s4, s6}
s5s4x2 {s1, s4, s5}
s2s5s4x2 {s1, s2, s5}
s2s3s5s4x2 {s2, s3, s5}
s4s2s3s5s4x2 {s4}
s2s4s2s3s5s4x2 {s2, s4}
s2s3s4s2s3s5s4x2 {s2, s3, s4}
s2s3s5s4s2s3s5s4x2 {s2, s3, s5}
Table III
As a consequence, x1x2 ∼L s2s3s4s2s5s4x2 and x2 ∼L s4s2s3s5s4x2. In view of the
two claims above (which we have already proved) this yields
x1x2 ∼L s2s3s4s2s5s4x2 ∼L s2s4s2s5s4x2 ∼L s4s2s5s4x2 ∼L x2.
But then w1w2 = x1s7x2s8 ∼L x1x2s8 ∼L x2s8 = w2 as wanted. 
As we explained earlier, it follows from Proposition 3.1 that I(λ) = I(1
2
h∨− ρ). In
particular, Condition (B) holds for λ+ ρ.
Since in the present case e is no longer of standard Levi type, verifying Condi-
tions (A) and (D) becomes more complicated. We let λ′ denote the restriction of λ to
h := l′ ∩ t which coincides with the span of the semisimple root elements h′1 := hα3 ,
h′2 := hα4 , h
′
3 := hα5 and h
′
4 := hα2 . We write α
′
i for the corresponding simple roots in
h∗ and let {̟′i | 1 ≤ i ≤ 4} ⊂ h
∗ be the associated system of fundamental weights, so
that ̟′i(hj) = 〈̟
′
i, (α
′
j)
∨〉 = δij for all 1 ≤ i, j ≤ 4. Then λ
′+ρ′ = ̟′2−̟
′
1−̟3−̟
′
4
where ρ′ =
∑4
i=1̟
′
i. Obviously, the root system of l
′ with respect to h′ identifies with
Φ′ := Φ ∩
(⊕5
i=2 Zαi
)
.
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We denote by L0(λ
′) be the irreducible l′-module of highest weight λ′ and write
I0(λ
′) for the primitive ideal AnnU(l′) L0(λ
′) of U(l′). As 〈λ + ρ, α∨7 〉 6∈ Z
>0, in order
to verify Conditions (A) and (D) in the present case it suffices to show that
I0(λ
′) = AnnU(l′)
(
Ql′, e0 ⊗U(l′, e0) Cη
)
for some one-dimensional representation η of U(l′, e0) (here Ql′, e0 and U(l
′, e0) stand
for the generalised Gelfand–Graev l′-module and the finite W -algebra associated with
the pair (l′, e0), respectively).
Let p′ be the standard parabolic subalgebra of l′ whose standard Levi subalgebra
l′0 is spanned by h and e±α4 and let n
′ be the nilradical of p′. By construction, p′ is an
optimal parabolic subalgebra for e0 and e0 is a Richardson element of p
′ (one should
keep in mind that the subregular nilpotent orbit is distinguished in a Lie algebra of
type D4). Let χ0 be the linear function on l
′ given by χ0(x) = (e0, x) where ( · · ) is
the Killing for of l′ and write m−χ for the subspace of U(l
′) spanned by all x+ χ0(x)
with x ∈ m
Since λ′(h′2) = 0 and 〈λ + ρ, β
∨〉 6∈ Z>0 for any root β ∈ (Φ′ ∩ Φ+) \ {α4}, a
well-known criterion for irreducibility of generalised Verma modules implies that
(2) L0(λ
′) ∼= U(l′)⊗U(p′) Cλ′
as l′-modules; see [21, Theorem 9.12] for example (here we regard λ′ as a linear
function on p′ that vanishes on [p′, p′]). Let L0(λ
′)∗ be the l′-module dual to L0(λ
′).
In the present case, the nilpotent subalgebra m involved in the definition of Ql′, e0 is
spanned by the root vectors e−β with β ∈ (Φ
′ ∩ Φ+) \ {α4}.
It is immediate from (2) that the subspace V0 of L0(λ)
∗ consisting of all linear
functions vanishing on m−χL0(λ) is one-dimensional. That subspace carries a natural
U(l′, e0)-module structure and Skryabin’s theorem [43] implies that the l
′-submodule
of L0(λ
′)∗ generated by V0 is irreducible and isomorphic to Ql′, e0 ⊗U(l′, e0) V0.
Let ⊤ be the canonical anti-automorphism of U(l′). Since the annihilator of L(λ′)∗ in
U(l′) coincides with I0(λ
′)⊤, repeating verbatim the argument from [40, Remark 4.3]
one observes that
I0(λ
′)⊤ = AnnU(l′)
(
Ql′, e0 ⊗U(l′, e0) V0
)
.
Since −1 ∈ W (D4) it must be that I0(λ
′) = I0(λ
′)⊤ (see the end of Subsection 3.17
for more detail about this equality). This enables us to conclude that Conditions (A)
and (D) hold for λ+ ρ.
As a result, λ+ ρ satisfies all four Losev’s conditions. Since in the present case we
also have that ge = [ge, ge] (by [12]), we conclude that I(λ + ρ) = I(
1
2
h∨ − ρ) is the
unique multiplicity-free primitive ideal in XO(e).
3.13. Type (E8,A3 + A2 + A1). Here our pinning is
• • ◦ • • • ◦
•
and we choose
τ = 2 2 (−6)
2
2 2 2 (−3)
as an optimal cocharacter. Since dim ge = 66, the total number of positive 0-roots
and 1-roots is (66− 8)/2 = 29. The roots are given below.
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0-roots 1-roots
1 1 1
0
1 0 0 0 , 1 1 1
1
0 0 0 0 , 0 1 1
1
1 0 0 0 , 0 0 1
1
1 1 0 0 , 1 1 1
0
1 1 1 1 , 0 1 1
1
1 1 1 1 , 1 2 2
1
2 1 1 1 , 1 1 2
1
2 2 1 1 ,
0 0 1
0
1 1 1 0 , 1 1 2
1
1 1 1 0 , 0 1 2
1
2 1 1 0 , 1 2 3
2
2 1 1 0 , 0 1 2
1
2 2 2 1 , 1 2 3
2
2 2 2 1 , 1 2 3
1
3 2 2 1 , 1 2 3
2
3 2 1 1 ,
1 2 3
1
2 2 1 0 , 1 3 4
2
3 2 1 0 , 2 4 6
3
5 4 3 2 , 0 1 1
0
1 1 0 0 , 1 2 4
2
4 3 2 1 , 1 3 4
2
3 3 2 1 , 2 3 5
3
4 3 2 1 , 2 4 5
2
4 3 2 1 ,
1 2 2
1
1 1 0 0 , 1 1 2
1
2 1 0 0 . 2 4 6
3
5 4 2 1 , 2 3 4
2
3 2 2 1 , 0 0 0
0
0 1 1 1 .
The (4, 8)-contributions of the 0-roots and 1-roots are (30, 2) and (45, 15), respec-
tively, and the total contribution of all roots is
(
75
2
, 17
2
)
.
Since the orbit O(e) is non-special, Proposition 5.3.2 from [32] suggests that one
should seek a proper regular Lie subalgebra g(λ) of g ∼= g∨ and a special nilpo-
tent element X ∈ g(λ) such that dim g(λ)X = dim ge = 66. A priori we have two
possibilities: either g(λ) has type A7 + A1 and X = 0 or g(λ) has type D8 and
p(X) = (26, 14). Indeed, in the first case dim g(λ) = 63+ 3 = 66 whilst in the second
case dim g(λ)X =
1
2
(100 + 36 − 4) = 66 by (1) (one should keep in mind here that
r(X) = (10, 6) and nodd(X) = 4).
The present case turned out to be counter-intuitive. Although the first possibil-
ity somehow looks more appealing, a careful analysis shows that any weight λ + ρ
having Φλ of type A7 + A1 and verifying Conditions (B) and (C) always violates Con-
dition (A) which then becomes too restrictive (we omit the details). Thus we must
ignore the more appealing option and seek λ + ρ =
∑8
i=1 ai̟i such that all ai are
half-integers. Setting a˜i = 2ai for 1 ≤ i ≤ 8 we can rewrite Condition (C) as follows:
10a˜1 + 15a˜2 + 20a˜3 + 30a˜4 + 24a˜5 + 18a˜6 + 12a˜7 + 6a˜8 = 75
2a˜1 + 3a˜2 + 4a˜3 + 6a˜4 + 5a˜5 + 4a˜6 + 3a˜7 + 2a˜8 = 17.
Since it turned out to be impossible to find a suitable λ+ρ by a lucky guess, we shall
once again invoke the method of Subsection 3.11. In particular, we shall recycle the
root subsystem Φ0 of type D8 introduced there. Recall that {̟
′
i | 1 ≤ i ≤ 8} is the
system of fundamental weights associated with Π0 = {βi | 1 ≤ i ≤ 8} and we have
that ̟4 = ̟
′
1 +̟
′
3 +̟
′
5 +̟
′
7 and ̟
′
8 = ̟8.
Setting λ+ρ =
∑8
i=1 bi̟
′
i with bi ∈ Z and arguing as in Subsection 3.11 we rewrite
the above system of linear equations as follows:
7
2
b1 + 6b2 +
17
2
b3 + 10b4 +
23
2
b5 + 12b6 +
13
2
b7 + 6b8 =
75
2
1
2
b1 + b2 +
3
2
b3 + 2b4 +
5
2
b5 + 3b6 +
3
2
b7 + 2b8 =
17
2
.
A fairly decent solution to this system is given by setting b1 = b3 = b5 = b8 = 2,
b2 = b4 = b6 = −1 and b7 = 1, which leads to the weight
λ+ ρ = 2̟′1 −̟
′
2 + 2̟
′
3 −̟
′
4 + 2̟
′
5 −̟
′
6 +̟
′
7 + 2̟
′
8.
As in Subsection 3.11 we let g0 be the regular Lie subalgebra of g with root system
Φ0 and write I0(λ) for the annihilator in U(g0) of the irreducible g0-module of highest
weight λ. In order to determine the associated variety VA(I0(λ)) we shall once again
invoke the algorithm described in [5] (we refer to Subsecton 3.11 for the unexplained
notation used below).
In view of [4, Planche IV] we have that
λ+ ρ = 9
2
ε1 +
5
2
ε2 +
7
2
ε3 +
3
2
ε4 +
5
2
ε5 +
1
2
ε6 +
3
2
ε7 +
1
2
ε8.
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Applying the Robinson–Shensted algorithm on the sequence of numbers(
9
2
, 5
2
, 7
2
, 3
2
, 5
2
, 1
2
, 3
2
, 1
2
, −1
2
,−3
2
,−1
2
,−5
2
,−3
2
,−7
2
,−5
2
,−9
2
)
we arrive at the partition q = (26, 14) associated with the tableau RS(λ+ρ) (we leave
the details to the interested reader). Then
(ri) = (1, 2, 3, 4, 6, 7, 8, 9, 10, 11)
which yields (2si) = (2, 4, 6, 8, 10) and (2ti + 1) = (1, 3, 7, 9, 11).
Concatenating the lists (si) and (ti) we obtain the list (0, 1, 1, 2, 3, 3, 4, 4, 5, 5). This
implies that (s′i) = (0, 1, 2, 3, 4, 5) and (t
′
i) = (1, 2, 3, 4, 5). Concatenating the lists
(2s′i+1) and (2t
′
i) we get the list (r
′
i) = (1, 2, 3, 4, 6, 7, 8, 9, 10, 11). Since q
′
i = r
′
i− i+1
we get
(q′i) = (1, 1, 1, 1, 2, 2, 2, 2, 2, 2).
This enables us to conclude that the open orbit of of VA(I0(λ)) contains a nilpotent
element X with p(X) = (26, 14).
After expressing the ̟′i in terms of {̟1, . . . , ̟8} we obtain that
λ+ ρ = −1
2
̟1 −
1
2
̟2 −
1
2
̟3 +
5
2
̟4 −
1
2
̟5 −̟6 +
1
2
̟7 +
3
2
̟8.
Of course, at this point one can check directly that this weight satisfies all our re-
quirements, but we had to find it first! Since Φ0 ⊆ Φλ ( Φ, the maximality of Φ0
yields Φλ = Φ0. But then g(λ) = g0 and [32, Proposition 5.3.2] in conjunction with
the earlier remarks implies that dim VA(Iλ)) = dimO(e).
Since 〈λ + ρ, γ∨〉 6∈ Z>0 for any γ ∈ Φ+ which can be expressed as a linear combi-
nation of αi with i ∈ {1, 2, 3, 5, 6, 7}, our choice of pinning implies that λ+ ρ satisfies
Condition (A). Therefore, VA(I(λ)) = O(e). Since e has standard Levi type, we con-
clude that λ + ρ satisfies all Losev’s conditions. As in the present case ge = [ge, ge]
by [12] we now deduce that I(−3
2
̟1−
3
2
̟2 −
3
2
̟3+
3
2
̟4−
3
2
̟5 − 2̟6−
1
2
̟7+
1
2
̟8)
is the only multiplicity-free primitive ideal in XO(e).
3.14. Type (E8, 2A3). In this case our pinning for e is
• • • ◦ • • •
◦
and we take
τ = 2 2 2
(−3)
(−6) 2 2 2
as an optimal cocharacter; see [28]. Since dim ge = 60, the total number of positive
0-roots and 1-roots is (60− 8)/2 = 26. The roots are given below.
0-roots 1-roots
1 1 1
0
1 0 0 0 , 0 1 1
0
1 1 0 0 , 0 0 1
0
1 1 1 0 , 0 0 0
0
1 1 1 1 , 0 1 1
1
0 0 0 0 , 0 1 1
1
1 1 1 1 , 1 1 1
1
1 1 1 0 , 1 1 2
1
1 1 0 0 ,
1 2 3
2
2 2 1 0 , 1 2 3
2
2 1 1 1 , 1 2 4
2
3 2 2 1 , 1 2 3
2
3 3 2 1 , 0 1 2
1
1 1 1 0 , 1 2 2
1
1 0 0 0 , 1 1 2
1
2 2 1 1 , 1 2 2
1
2 2 1 0 ,
1 3 4
2
3 2 1 1 , 1 3 5
2
4 3 2 1 , 2 3 4
2
3 2 1 0 , 2 3 4
2
4 3 2 1 . 1 2 2
1
2 1 1 1 , 0 1 2
1
2 2 2 1 , 1 2 3
1
2 1 1 0 , 1 2 3
1
3 2 1 1 ,
2 4 5
3
4 3 2 1 , 2 4 6
3
5 4 3 1 .
The (2, 5)-contributions of the 0-roots and 1-roots are (16, 28) and (18, 27), respec-
tively, and the total contribution of all roots is
(
34
2
, 55
2
)
. In the present case the orbit
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O(e) is non-special and comparing the size of O(e) with the size of a root subsystem
of type D5 + A3 in Φ indicates that one should seek λ + ρ =
∑8
i=1 ai̟i such that
ai ∈
1
4
Z for all 1 ≤ i ≤ 8. Setting a˜i := 4ai we can rewrite Condition (C) for λ+ ρ as
follows:
5a˜1 + 8a˜2 + 10a˜3 + 15a˜4 + 12a˜5 + 9a˜6 + 6a˜7 + 3a˜8 = 68
8a˜1 + 12a˜2 + 16a˜3 + 24a˜4 + 20a˜5 + 15a˜6 + 10a˜7 + 5a˜8 = 110.
A perfect solution to this system of linear equations is given by a˜i = 1 for all 1 ≤ i ≤ 8.
This leads to the weight λ + ρ = 1
4
ρ. Due to our choice of pinning we have that
〈λ + ρ, γ∨〉 6∈ Z>0 for any γ ∈ Φ+ which can be expressed as a linear combination
of αi with i ∈ {1, 3, 4, 6, 7, 8}. In other words, λ + ρ satisfies Condition (A). Since
Condition (D) is vacuous in the present case it remains to check that λ + ρ satisfies
Condition (B).
First wet note that Φλ contains the positive roots
β1 β2 β3 β4 β6 β7 β8
β5
where
β1 = 0 0 00
1 1 1 1 , β2 = 1 1 11
0 0 0 0 , β3 = 0 0 10
1 1 1 0 , β4 = 0 1 11
1 0 0 0 ,
β5 = 1 2 21
1 0 0 0 , β6 = 1 1 10
1 0 0 0 , β7 = 0 0 11
1 1 0 0 , β8 = 1 2 31
2 1 1 1 ,
and hence contains a root subsystem Φ0 of type D5 + A3. On the other hand, the group
Aut g contains an automorphism σ of order 4 such that σ(t) = t for all t ∈ Lie(T )
and Φλ is the root system of the Lie subalgebra g
σ with respect to Lie(T ). If Φ0 is
a proper root subsystem of Φλ, then using the Borel–de Siebenthal algorithm it is
straightforward to see that Φ˜0 must have type D8. But this would imply that σ
2 = 1,
a contradiction. We thus deduce that Φ0 = Φλ and the roots {βi | 1 ≤ i ≤ 8} form
the basis of Φλ contained in Φ
+. Since λ+ ρ is strongly dominant on Φ+ ∩ Φλ and
|Φ+| − |Φ+λ | = 120− 20− 6 = 94 =
1
2
(248− 60) = 1
2
dim O(e),
applying [24, Corollary 3.5] gives dim VA(I(λ)) = dim O(e). But e ∈ VA(I(λ))
because we already know that λ+ ρ satisfies Condition (A). Hence VA(I(λ)) = O(e)
i.e. Condition (B) holds for λ + ρ. Since in the present case ge = [ge, ge] by [12], we
combine [32, 5.3] and [42, Proposition 11] to conclude I(−3
4
ρ) is the only multiplicity-
free primitive ideal in XO(e).
3.15. Type (E8,A4 + A3). From this case onwards we are in a partially uncharted
territory: the existence of one-dimensional representations for the remaining three
rigid orbits in type E8 was left open in [19] and in Ubly’s subsequent work [44].
Apparently, expressing commutators in U(g, e) in terms of a PBW basis and stor-
ing related data on a computer required too much memory for the remaining orbits
and the computer would never stop running. In our approach, however, the present
case is rather straightforward especially when compared with the two rigid orbits of
dimension 202 (see Sebsections 3.16 and 3.17).
36
First we note that e has a unique pinning, namely
• • • ◦ • • •
•
and we can take
τ = 2 2 2
2
(−9) 2 2 2
as an optimal cocharacter; see [28]. Since dim ge = 48, the total number of positive
0-roots and 1-roots is (48− 8)/2 = 20. The roots are listed below.
0-roots 1-roots
0 1 2
1
2 2 2 1 , 1 1 2
1
2 2 1 1 , 1 2 2
1
2 1 1 1 , 1 2 2
1
2 2 1 0 , 0 0 1
1
1 1 1 1 , 0 1 1
0
1 1 1 1 , 0 1 1
1
1 1 1 0 , 1 1 1
0
1 1 1 0 ,
1 2 3
1
2 1 1 0 , 1 2 3
2
2 1 0 0 , 1 3 5
3
4 3 2 1 , 2 3 5
2
4 3 2 1 . 1 1 1
1
1 1 0 0 , 0 1 2
1
1 1 0 0 , 1 1 2
1
1 0 0 0 , 1 2 3
2
3 3 2 1 ,
1 2 4
2
3 2 2 1 , 2 3 4
2
3 2 1 0 , 1 3 4
2
3 2 1 1 , 2 4 6
3
5 4 3 1 .
The 5-contributions of the 0-roots and 1-roots are 20 and 24, respectively, and
the total contribution of all roots is 22. In the present case the orbit O(e) is non-
special and comparing dimO(e) with the size of a root subsystem of type A4 + A4 in
Φ strongly suggests that one should seek λ+ ρ =
∑8
i=1 ai̟i such that ai ∈
1
5
Z for all
1 ≤ i ≤ 8. Setting a˜i := 5ai we can rewrite Condition (C) for λ + ρ as follows:
8a˜1 + 12a˜2 + 16a˜3 + 24a˜4 + 20a˜5 + 15a˜6 + 10a˜7 + 5a˜8 = 110.
A perfect solution to this linear equation is given by setting a˜i = 1 for all 1 ≤ i ≤ 8,
which leads to λ + ρ = 1
5
ρ. Since 〈λ + ρ, γ∨〉 6∈ Z>0 for any γ ∈ Φ+ which can be
expressed as a linear combination of αi with i ∈ {1, 2, 3, 4, 6, 7, 8}, this weight does
satisfy Condition (A). Therefore, e ∈ VA(I(λ)).
Next we observe that the integral root system of our weight λ + ρ = 1
5
ρ contains
the positive roots
β1 β2 β3 β4 β5 β6 β7 β8
where
β1 = 0 1 11
1 1 0 0 , β2 = 0 0 10
1 1 1 1 , β3 = 1 1 11
1 0 0 0 , β4 = 0 1 10
1 1 1 0 ,
β5 = 0 1 21
1 0 0 0 , β6 = 1 1 10
1 1 0 0 , β7 = 0 0 11
1 1 1 0 , β8 = 1 2 21
1 1 1 1 ,
and hence has type A4 + A4 (by the maximality of that root subsystem). The roots
{βi | 1 ≤ i ≤ 8} form the basis of Φλ contained in Φ
+ and λ+ ρ is strongly dominant
on Φ+ ∩ Φλ. Since
|Φ+| − |Φ+λ | = 120− 10− 10 = 100 =
1
2
(248− 48) = 1
2
dim O(e),
applying [24, Corollary 3.5] we get dim VA(I(λ)) = dim O(e). Since e ∈ VA(I(λ)) we
have that VA(I(λ)) = O(e), i.e. Condition (B) holds for λ + ρ. Since ge = [ge, ge] by
[12], we argue as before to conclude that I(−4
5
ρ) is the only multiplicity-free primitive
ideal in XO(e).
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3.16. Type (E8,A5 + A1). Here ge = Ce⊕ [ge, ge] by [12], so we may expect U(g, e)
to afford at least 2 one-dimensional representation. One such representation was
found by Losev in [32] and in this subsection we are going to construct another one.
We choose the following pinning for e:
• ◦ • • • • •
◦
and take
τ = 2 (−6) 2
(−5)
2 2 2 2
as an optimal cocharacter. Since dim ge = 46, the total number of positive 0-roots
and 1-roots is (46− 8)/2 = 19. These roots are given in the table below.
0-roots 1-roots
1 1 1
0
1 0 0 0 , 0 1 1
0
1 1 0 0 , 1 2 3
2
2 2 2 1 , 1 2 3
2
3 2 1 1 , 0 0 1
1
1 1 0 0 , 1 1 1
1
1 1 1 1 , 1 1 2
1
1 1 1 0 , 0 1 2
1
1 1 1 1 ,
1 2 4
2
3 2 1 0 , 1 3 4
2
3 3 2 1 , 2 3 4
2
3 2 2 1 , 2 4 5
2
4 3 2 1 . 0 1 2
1
2 1 1 0 , 1 1 2
1
2 1 0 0 , 1 2 2
1
2 2 1 1 , 1 2 3
1
2 2 1 0 ,
1 2 3
1
2 1 1 1 , 2 3 5
3
4 3 2 1 , 2 4 6
3
5 4 2 1 .
The (2, 3)-contributions of the 0-roots and 1-roots are (12, 18) and (15, 18), respec-
tively, and the total contribution of all roots is
(
27
2
, 18
)
. Note that |Φ+|−19 = 101 =
dimO(e))/2. Since the orbit O(e) is non-special and Φ contains a root subsystem of
type A5 + A2 + A1 whose set of positive roots has size (30+ 6+ 2)/2 = 19, we should
seek λ + ρ =
∑8
i=1 ai̟i such that ai ∈
1
6
Z for all 1 ≤ i ≤ 8. Setting a˜i := 6ai we can
rewrite Condition (C) for λ+ ρ as follows:
5a˜1 + 8a˜2 + 10a˜3 + 15a˜4 + 12a˜5 + 9a˜6 + 6a˜7 + 3a˜8 = 81
7a˜1 + 10a˜2 + 14a˜3 + 20a˜4 + 16a˜5 + 12a˜6 + 8a˜7 + 4a˜8 = 108.
A very nice solution to this system of linear equations is given by setting a˜1 = a˜2 = 2
and a˜i = 1 for all 3 ≤ i ≤ 8, which leads to λ + ρ =
1
6
(ρ + ̟1 + ̟2). Since
〈λ + ρ, γ∨〉 6∈ Z>0 for any γ ∈ Φ+ which can be expressed as a linear combination
of αi with i ∈ {1, 4, 5, 6, 7, 8}, this weight does satisfy Condition (A). Therefore,
e ∈ VA(I(λ)).
Next we observe that the integral root system λ+ ρ contains the linearly indepen-
dent positive roots
β1 β2 β3 β4 β5 β6 β7 β8
where
β1 = 1 1 11
0 0 0 0 , β2 = 0 1 10
1 1 1 1 , β3 = 0 0 11
1 1 1 0 , β4 = 1 1 10
1 1 0 0 ,
β5 = 0 1 21
1 0 0 0 , β6 = 0 1 11
1 1 0 0 , β7 = 1 1 21
2 1 1 1 , β8 = 1 2 21
2 1 1 0 ,
and hence contains a root subsystem of type A5 + A2 + A1. Note that 〈λ+ ρ, β
∨〉 > 0
for all β ∈ Φ+. Keeping this in mind it is straightforward to see that {βi | 1 ≤ i ≤ 6}
coincides with the set of all β ∈ Φ+ for which 〈λ+ ρ, β∨〉 = 1}. Since 〈λ+ ρ, β∨i 〉 = 2
for i = 7, 8, it follows that the set {βi | 1 ≤ i ≤ 8} consists of indecomposable roots of
Φ+λ and hence forms a basis of Φλ. In particular, Φλ has type A5 + A2 + A1.
Since λ + ρ is strongly dominant on Φ+λ and |Φ
+| − |Φ+λ | = 120 − 19 = 101 =
1
2
dim O(e), applying [24, Corollary 3.5] yields dim VA(I(λ)) = dim O(e). Since e ∈
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VA(I(λ)) we have the equality VA(I(λ)) = O(e). Thus Condition (B) holds for λ+ ρ
and we conclude that I(1
6
̟1 +
1
6
̟2 −
5
6
ρ) is a multiplicity-free primitive ideal in
XO(e) (one should keep in mind here that in the present case the component group
Γ = Ge/G
◦
e is trivial). It will become clear later that the corresponding representation
of U(g, e) coincides with the one constructed in [32].
Our next goal is to produce a highest weight, λ′, leading to another one-dimensional
representation of U(g, e). Since it turned out to be impossible to find λ′ by a lucky
guess, we are going to adopt a more scientific approach used in Subsection 3.11.
Namely, we impose that Φλ′ = Φλ and let̟
′
1, . . . , ̟
′
8 ∈ P (Φ)Q be such that 〈̟i, β
∨
j 〉 =
δij for all 1 ≤ i, j ≤ 8. It is well known (and easily seen) that
̟′1 =
1
6
(5β1 + 4β2 + 3β3 + 2β4 + β5), ̟
′
5 =
1
6
(β1 + 2β2 + 3β3 + 4β4 + 5β5),
̟′2 =
1
6
(4β1 + 8β2 + 6β3 + 4β4 + 2β5), ̟
′
6 =
1
3
(2β6 + β7),
̟′3 =
1
6
(3β1 + 6β2 + 9β3 + 6β4 + 3β5), ̟
′
7 =
1
3
(β6 + 2β7),
̟′4 =
1
6
(2β1 + 4β2 + 6β3 + 8β4 + 4β5), ̟
′
8 =
1
2
β8.
Since Φλ = Φλ′ and λ
′+ρ =
∑8
i=1 a
′
i̟i satisfies Losev’s conditions, it can be expressed
as λ′+ ρ =
∑8
i=1 bi̟
′ for some bi ∈ Z
>0. When we evaluate 〈λ′+ ρ, α∨i 〉 for 1 ≤ i ≤ 8
by using the explicit form of βi’s and the above expressions for ̟
′
i’s we obtain the
following formulae:
a′1 =
1
3
(b1 − b2 + b4 − b5 − b6 + b7),
a′2 =
1
3
(b1 − b2 − 2b4 − b5 + 2b6 + b7),
a′3 =
1
6
(b1 + 2b2 − 3b3 − 2b4 − b5 + 2b6 − 2b7 + 3b8),
a′4 =
1
6
(b1 + 2b2 + 3b3 + 4b4 + 5b5 − 4b6 − 2b7 − 3b8),
a′5 =
1
6
(−5b1 − 4b2 − 3b3 − 2b4 − b5 + 2b6 + 4b7 + 3b8),
a′6 =
1
6
(b1 + 2b2 + 3b3 + 4b4 − b5 + 2b6 − 2b7 − 3b8),
a′7 =
1
6
(b1 + 2b2 + 3b3 − 2b4 − b5 − 4b6 − 2b7 + 3b8),
a′8 =
1
6
(b1 + 2b2 − 3b3 − 2b4 − b5 + 2b6 + 4b7 − 3b8).
Rewriting Condition (C) in terms of bi’s we then obtain
9b1 + 12b2 + 15b3 + 12b4 + 9b5 + 6b6 + 6b7 + 3b8 = 81
12b1 + 18b2 + 18b3 + 18b4 + 12b5 + 6b6 + 6b7 + 6b8 = 108.
One surprising thing about this system of linear equations is that all its coefficients are
positive integers and all its solutions (b1, . . . , b8) with bi ∈ Z
>0 are easy to determine.
Setting bi = 1 for i ∈ {1, 2, 3, 4, 5, 7} and b6 = b8 = 2 we recover our weight λ + ρ,
whilst setting bi = 1 for 1 ≤ i ≤ 6 and b7 = b8 = 2 gives us the same representation
of U(g, e). However, we have yet another promising option here, namely, b1 = 2 and
bi = 1 for 2 ≤ i ≤ 8 (we can also set bi = 1 for i 6= 5 and b5 = 2, but this would
lead to the same representation of U(g, e)). Then λ′+ ρ = 2̟′1+
∑8
i=2̟
′
i. Using our
explicit expressions for ̟′i and βi we can now determine 〈λ
′+ ρ, α∨i 〉 for all 1 ≤ i ≤ 8
and hence rewrite λ′+ρ as a linear combination of the ̟i’s. After some computations
we obtain that
λ′ + ρ = 1
3
̟1 +
1
3
̟2 +
1
6
̟3 +
7
6
̟4 −
11
6
̟5 +
7
6
̟6 +
1
6
̟7 +
1
6
̟8.
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Since λ+ρ and λ′+ρ have the same image in 1
6
P (Φ)/P (Φ), it is straightforward to see
that Condition (A) holds for λ′+ ρ and Φλ = Φλ′ (a priori we only have the inclusion
Φλ ⊆ Φλ′). But then Condition (C) holds for λ
′ + ρ as well. Since Condition (D) is
vacuous in the present case, we deduce that I(λ′) is another multiplicity free primitive
ideal in XO(e).
Finally, the primitive ideals I(λ) and I(λ′) are distinct. Indeed, otherwise w(λ +
ρ) = λ′ + ρ for some w ∈ W . But since Φλ = Φλ′ this would imply that w ∈ NW (Φλ)
forcing w−1(β8) = ±β8. However, this contradicts the fact that 1 = 〈λ
′+ρ, β∨8 〉 6= ±2.
Therefore, I(λ) 6= I(λ′). We shall see later that these two are the only multiplicity
free primitive ideals in XO(e).
3.17. Type (E8,D5(a1) + A2). This case is hard and no completely prime primitive
ideals in XO(e) have been recorded in the literature until now. The orbit O(e) is non-
special and we again have that ge = Ce⊕ [ge, ge] by [12]. The pinning for e is unique,
namely,
• • • • ◦ • •
•
and we may (and will) assume that e = e0 + eα7 + eα8 where
e0 = eα1 + eα2 + eα3 + eα5 + eα2+α4 + eα4+α5 .
Then we can take
τ = 2 2 0
2
2 (−9) 2 2
as an optimal cocharacter for e; see [28]. Since dim ge = 46, the total number of
positive 0-roots and 1-roots is (46 − 8)/2 = 19. These roots are given in the table
below. The 6-contributions of the 0-roots and 1-roots are 16 and 17, respectively, and
0-roots 1-roots
0 0 1
0
0 0 0 0 , 1 2 2
1
2 2 2 1 , 1 2 3
1
2 2 2 1 , 1 2 3
2
2 2 1 1 , 1 1 1
0
1 1 1 1 , 1 1 1
1
1 1 1 0 , 0 1 1
1
1 1 1 1 , 0 1 2
1
1 1 1 1 ,
1 2 3
2
3 2 1 0 , 1 2 3
1
3 2 1 1 , 1 2 4
2
3 2 1 0 , 2 4 6
3
5 4 3 1 . 1 1 2
1
1 1 1 0 , 1 2 2
1
1 1 0 0 , 1 1 2
1
2 1 0 0 , 0 1 2
1
2 1 1 0 ,
1 3 5
3
4 3 2 1 , 2 3 4
2
4 3 2 1 , 2 3 5
2
4 3 2 1 .
the total contribution of all roots is 33
2
. The minimal nilpotent orbit in a Lie algebra
of type D5 is special and has dimension 14. Since
120− (20 + 6) + (7 + 0) = 1
2
dimO(e),
Proposition 5.3.2 from [32] suggests that we should look for a highest weight λ with
Φλ of type D5 + A3. The semisimple Lie algebra g(λ) = g1(λ) ⊕ g2(λ) then has two
minimal nonzero nilpotent orbits and we should be interested in the one contained in
the simple ideal g1(λ) of type D5 (we let g2(λ) stand for the simple ideal of type A3).
In particular, this means that we should seek λ + ρ =
∑8
i=1 ai̟i such that ai ∈
1
4
Z
for all 1 ≤ i ≤ 8. Setting a˜i := 4ai we can rewrite Condition (C) for λ+ ρ as follows:
6a˜1 + 9a˜2 + 12a˜3 + 18a˜4 + 15a˜5 + 12a˜6 + 8a˜7 + 4a˜8 = 66.
This linear equation alone does not tell us very much, but it is supplemented by
extremely strong restrictions coming from Conditions (A), (B) and (D). Firstly, it
must be that 〈λ+ρ, β∨〉 6∈ Z>0 for all β ∈ {α7, α8, α7+α8}. Secondly, if we denote by
40
l the standard Levi subalgebra of g generated by t and root vectors e±αi with 1 ≤ i ≤ 5,
then the annihilator in U(l) of the irreducible highest weight l-module Ll(λ) should
have the form AnnU(l)
(
Ql,e0 ⊗U(l,e0) Cη
)
for some one-dimensional representation η of
the finite W -algebra U(l, e0) (here we regard e0 as a subregular nilpotent element of
l). Thirdly, the primitive ideal I0(λ) of U(g(λ)) must be generated by g2(λ) and a
primitive ideal of U(g1(λ)) whose associated variety coincides with the Zariski closure
of the minimal nilpotent orbit of g1(λ).
After some tedious numerical experiments (omitted) and a lucky guess (included)
one comes up with a plausible candidate, namely,
λ+ ρ = ̟4 +̟6 −
1
4
(̟1 +̟2 +̟3 +̟5 +̟7 +̟8),
which is obtained by setting a˜i = −1 for i ∈ {1, 2, 3, 5, 7, 8} and a˜i = 4 for i = 4, 6.
It is straightforward to see that Φλ contains the positive roots
β1 β2 β3 β4 β6 β7 β8
β5
where
β1 = 0 1 11
1 1 1 0 , β2 = 0 0 10
0 0 0 0 , β3 = 1 1 11
1 0 0 0 , β4 = 0 1 10
1 1 1 1 ,
β5 = 0 0 00
0 1 0 0 , β6 = 0 0 11
1 1 1 1 , β7 = 1 1 10
1 1 1 0 , β8 = 0 1 21
2 1 0 0 .
Moreover, repeating verbatim the argument used in Subsection 3.14 one find out that
the roots {βi | 1 ≤ i ≤ 8} form the basis of Φλ contained in Φ
+. In particular, Φλ has
type D5 + A3.
In order to simplify our further exposition we postpone verifying Losev’s conditions
for λ+ ρ and concentrate on finding another weight, λ′+ ρ =
∑8
i=1 a
′
i̟i, leading to a
one-dimensional representation of U(g, e). We proceed as in the previous subsection,
that is, make the assumption Φλ′ = Φλ and let ̟
′
1, . . . , ̟
′
8 ∈ P (Φ)Q be such that
〈̟i, β
∨
j 〉 = δij for all 1 ≤ i, j ≤ 8. Using Bourbaki’ tables [4] we then get
̟′1 =
1
2
(2β1 + 2β2 + 2β3 + β4 + β5), ̟
′
5 =
1
4
(2β1 + 4β2 + 6β3 + 3β4 + 5β5),
̟′2 = β1 + 2β2 + 2β3 + β4 + β5, ̟
′
6 =
1
4
(3β6 + 2β6 + β7),
̟′3 =
1
2
(2β1 + 4β2 + 6β3 + 3β4 + 3β5), ̟
′
7 =
1
4
(2β6 + 4β6 + 2β7),
̟′4 =
1
4
(2β1 + 4β2 + 6β3 + 5β4 + 3β5), ̟
′
8 =
1
4
(β6 + 2β7 + 3β8).
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Since Φλ = Φλ′ , it must be that λ
′+ρ =
∑8
i=1 bi̟
′
i for some bi ∈ Z. Using the explicit
form of βi’s and the above expressions for ̟
′
i’s one finds out that
a′1 =
1
4
(−2b1 + 2b3 − b4 + b5 + b6 + 2b7 − b8),
a′2 =
1
4
(2b1 + 2b3 − b4 + b5 + b6 − 2b7 − b8),
a′3 =
1
4
(2b1 + 2b3 + 3b4 + b5 − 3b6 − 2b7 − b8),
a′4 = b2,
a′5 =
1
4
(−2b1 − 4b2 − 2b3 − b4 − 3b5 + b6 + 2b7 + 3b8),
a′6 = b5,
a′7 =
1
4
(2b1 − 2b3 − b4 − 3b5 + b6 + 2b7 − b8)
a′8 =
1
4
(−2b1 + 2b3 + 3b4 + b5 + b6 − 2b7 − b8).
A straightforward computation then shows that Condition (C) can be rewritten in
terms of bi’s as follows:
8b1 + 12b2 + 16b3 + 10b4 + 10b5 + 6b6 + 8b7 + 6b8 = 66.
Conditions (A), (B) and (D) impose severe restrictions on the solutions (b1, . . . , b8) ∈
Z8. In particular, we must have bi ∈ Z
>0 for i ∈ {6, 7, 8} and the associated variety
of the irreducible g1(λ)-module of highest weight
∑5
i=1(bi−1)̟
′
i should coincide with
the closure of the minimal nilpotent orbit in g1(λ).
Setting bi = 1 for i ∈ {1, 2, 4, 5, 6, 7}, b3 = 0, and b8 = 2 we recover our weight λ+ρ,
and it can be shown that setting bi = 1 for i ∈ {1, 2, 3, 5, 7, 8}, b3 = 0, and b6 = 2 leads
to the same representation of U(g, e). Quite surprisingly, careful inspection reveals
that we have yet another promising option here, namely, b3 = −1, b2 = b5 = 2, and
bi = 1 for i ∈ {1, 4, 6, 7, 8} (we could also set b3 = −1, b2 = b4 = 2 and bi = 1 for
i ∈ {1, 5, 6, 7, 8}, but this would not lead to new one-dimensional representations of
U(g, e)). Using the above expressions for ̟′i and βi we quickly determine 〈λ
′+ ρ, α∨i 〉
for all 1 ≤ i ≤ 8 and obtain that
λ′ + ρ = −1
4
̟1 −
1
4
̟2 −
1
4
̟3 + 2̟4 −
9
4
̟5 + 2̟6 −
1
4
̟7 −
1
4
̟8.
Note that Φλ = Φλ′ because λ
′ + ρ and λ+ ρ have the same image in 1
4
P (Φ)/P (Φ).
Set g0 := g1(λ), a simple Lie algebra with root system Φ0 = Φ ∩
(⊕5
i=1 Zβi
)
of
type D5, and identify {βi | 1 ≤ i ≤ 5} and {̟
′
i | 1 ≤ i ≤ 5} with a set of simple roots
in Φ0 and the corresponding set of fundamental weights in P (Φ0). Set ρ0 :=
∑5
i=1̟
′
i,
λ0 := −̟
′
3 and λ
′
0 := ̟
′
2 − 2̟
′
3 +̟
′
5. Then λ0 and λ
′
0 coincide with the restrictions
of λ − ρ0 and λ
′ − ρ0 to t ∩ g0. Let I(λ0) and I(λ
′
0) be the annihilators in U(g0) of
the highest weight g0-modules L(λ0) and L(λ
′
0).
In view of our earlier remarks in this subsection we have to check that VA(I(λ0)) =
VA(I(λ′0)) coincides with the closure of the minimal nilpotent orbit in g0. Thanks
to [2, Proposition 5.10] this is clear for VA(I(λ0)), because there exists an sl2-triple
(e∨1 , h
∨
1 , f
∨
1 ) in the Langlands dual Lie algebra g
∨
0 such that e
∨
1 is subregular nilpotent
and λ0 + ρ0 =
1
2
h∨1 .
Since
λ′0 + ρ0 = ̟
′
1 + 2̟
′
2 −̟
′
3 +̟
′
4 + 2̟
′
5 = sβ3(̟
′
1 +̟
′
2 +̟
′
3 +̟
′
5),
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we have that λ′0 = sβ3sβ4  µ
′ where µ′ = −̟′4 (of course, here w  µ
′ stands for
w(µ′ + ρ0) − ρ0). Note that 〈µ
′ + ρ0, β
∨
i 〉 ∈ Z
>0 for all 1 ≤ i ≤ 5 and Π0µ′ = {β4} ⊂
τ(sβ3sβ4). So [22, Corollar 10.10(a)] yields
d
(
U(g0)/I(µ
′)
)
= d
(
U(g0)/I(sβ3sβ4  µ
′)
)
= d
(
U(g0)/I(sβ3sβ4  ν
′)
)
for any regular dominant ν ′ ∈ P (Φ0). Since all roots in Φ0 have the same length, [22,
Corollar 10.10(c)] entails that
d
(
U(g0)/I(sβ3sβ4  ν
′)
)
= d
(
U(g0)/I(sβ3  ν
′)
)
= d
(
U(g0)/I(sβi  ν
′)
)
for all 1 ≤ i ≤ 5. Applying [32, Proposition 5.3.2], for example, we now deduce that
that d
(
U(g0)/I(λ
′
0)
)
= dimO0(w
′
0sβi) where w
′
0 is the longest element of the Weyl
group W (Φ0) and O0(w
′
0sβ) is the special nilpotent orbit in g0 attached to the double
cell of W (Φ0) containing w
′
0sβi. The letter is nothing else but the minimal nilpotent
orbit of g0. As a result of these deliberations we conclude that
dimVA(I(λ)) = dimVA(I(λ′)) = 248− (40 + 12 + 8) + 14 + 0 = 202 = dimO(e).
Note that the primitive ideals I(λ) and I(λ′) have distinct central characters because
Φλ = Φλ′ but λ0 + ρ0 and λ
′
0 + ρ0 are not conjugate under the automorphism group
of the root system Φ0.
We still face the difficult task of verifying Conditions (A) and (D) for λ+ρ and λ′+ρ.
Put l′ := [l, l], a simple Lie algebra of type D5, and let λ1 and λ
′
1 denote the restrictions
of λ and λ′ to h := l′∩t which, of course, coincides with the span of the semisimple root
elements h′1 := hα1 , h
′
2 := hα3 , h
′
3 := hα4 and h
′
4 := hα4 and h5 := hα2 . Here we adjust
our numbering to match that of [4, Planche IV] and accordingly we set α′2 := α3,
α′3 := α4, α
′
5 := α2, and α
′
i := αi for i = 1, 4. The root system of l
′ with respect to
h identifies with Φ1 := Φ ∩
(⊕5
i=1 Zαi
)
. Let {̟′′i | 1 ≤ i ≤ 5} be the corresponding
system of fundamental weights in h∗, so that ̟′i(hj) = δij for all 1 ≤ i, j ≤ 5. Then
λ1+ ρ1 = ̟
′′
3 −
1
4
(̟′′1 +̟
′′
2 +̟
′′
4 +̟
′′
5) and λ
′
1+ ρ1 = 2̟
′′
3 −
1
4
(̟′′1 +̟
′′
2 +̟
′′
5)−
9
4
̟′′4
where ρ1 =
∑5
i=1̟
′′
i . It is straightforward to see that λ1 and λ
′
1 have the same
integral root system which we call Ψ1. The basis of simple roots of Ψ1 contained in
Φ+1 := Φ
+ ∩Φ1 equals {α
′
3, γ
′}, where γ′ = α′1 + α
′
2 + α
′
3 + α
′
4 + α
′
5, and we have that
〈λ1 + ρ1, (α
′
3)
∨〉 = 1, 〈λ1 + ρ1, (γ
′)∨〉 = 0,
〈λ′1 + ρ1, (α
′
3)
∨〉 = 2, 〈λ′1 + ρ1, (γ
′)∨〉 = −1.
So λ1 = sγ′(µ1 + ρ1)− ρ1 and λ
′
1 = sγ′(µ
′
1 + ρ1)− ρ1 where µ1 + ρ1 = λ1 + ρ1 and
µ′1 + ρ1 = λ
′
1 + ρ1 + γ
′ = 3
4
̟′′1 −
1
4
̟′′2 +̟
′′
3 −
5
4
̟′′4 +
3
4
̟′′5 .
Both µ1 + ρ1 and µ
′
1 + ρ1 take values in Z
>0 on {(α′3)
∨, (γ′)∨} and Ψ1 has type A2.
Let L0(ν) be the irreducible l
′-module of highest weight ν ∈ h∗ and write I0(ν)
for the primitive ideal AnnU(l′) L0(ν) of U(l
′). Since |Ψ1 ∩ Φ
+
1 | = 3 and the minimal
nilpotent orbit in a Lie algebra of type A2 has dimension 8 − 4 = 4, combining [22,
Corollar 10.10(a)] and [32, Proposition 5.3.2] with the preceding remark we obtain
that
dimVA(I0(λ1)) = dimVA(I0(λ
′
1)) = |Φ
+
1 | − 3 + 2 = 19.
From this it is immediate that I0(λ1) and I0(λ
′
1) have the same associated variety,
namely, the Zariski closure of the subregular nilpotent orbit O0 ⊂ l
′.
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In order to verify Condition (D) we need to show that
I0(λ1) = AnnU(l′)
(
Ql′, e0 ⊗U(l′, e0) Cη
)
and I0(λ
′
1) = AnnU(l′)
(
Ql′, e0 ⊗U(l′, e0) Cη′
)
for some one-dimensional representations η and η′ of the finite W -algebra U(l′, e0)
where we now regard e0 as a subregular nilpotent element of l
′.
Let p′ be the standard parabolic subalgebra of l′ whose standard Levi subalgebra
is spanned by h and e±α′
3
and write n′ for the nilradical of p′. By construction, p′ is
an optimal parabolic subalgebra for e0 and, in particular, e0 is a Richardson element
of p′ (here we use the well known fact that the subregular nilpotent orbit in a Lie
algebra of type D5 is distinguished).
Given ν ∈ h∗ with ν(h′3) ∈ Z
>0 we denote by Mp′(ν) the generalised Verma module
of highest weight ν for l′ and write Ip′(ν) for the annihilator of Mp′(ν) in U(l
′). Since
λ1(h
′
3) = λ
′
1(h
′
3) = 0 both Mp′(µ1) and Mp′(µ
′
1) are generalised Verma modules of
scalar type in the terminology of [20]. As the centre of U(l′) acts on Mp′(ν) by scalar
operators, it follows from Conze’s Embedding Theorem and the Dixmier–Mœglin
equivalence that the annihilator in U(l′) of any generalised Verma module of scalar
type is a primitive ideal of U(l′). By a result of Borho–Brylinski, the associated variety
of any such primitive ideal coincides with the Zariski closure of the Richardson orbit
that intersects densely with n′; see [22, 17.17(3)] for example. In our case this is the
subregular orbit O0.
Next we observe that the only root β ∈ Ψ1 for which 〈λ1, β
∨〉 ∈ Z>0 equals α′3+ γ
′
and we have that sβ(γ
′) = −α′3. In this situation Jantzen’s criterion for irreducibility
of generalised Verma modules implies that the l′-module Mp′(µ1) is simple; see [20,
Corollary 9.13(c)], for example. Unfortunately, this is no longer true for the l′-module
Mp′(µ
′
1) and a more subtle approach is required here.
We write M(ν) for the ordinary Verma l′-module of highest weight ν ∈ h∗. If
ν(h′3) ∈ Z
>0 then we denote by ϕ the canonical l′-module epimorphism M(ν) ։
Mp′(ν) which is unique up to a nonzero scalar multiple. Since λ
′
1 is strongly linked
with µ′1 relative to the integral Weyl group W (Ψ1), the Bernstein–Gelfand–Gelfand
theorem says that M(λ′1) embeds into M(µ
′
1). Recall that λ
′
1(h
′
3) = 2. Because
λ′1 = sγ′  µ
′
1 and the root γ
′ is indecomposable in Ψ1 ∩ Φ
+
1 , it follows from [20,
Theorem 9.9(c)] that ϕ sends the image ofM(λ′1) inM(µ
′
1) onto a nonzero submodule
of Mp′(µ
′
1). As a result, L0(λ
′
1) is a composition factor of Mp′(µ
′
1). This, in turn,
yields Ip′(µ
′
1) ⊆ I0(λ
′
1). As both ideals are primitive and VA(I0(λ
′
1)) = VA(Ip′(µ
′
1))
by our earlier remarks, applying [3, Corollar 3.6] entails that I0(λ1) = Ip′(µ1) and
I0(λ
′
1) = Ip′(µ
′
1).
Let w′′0 be the longest element of the Weyl group W (Φ1) and put µ2 := −w
′′
0(µ1)
and µ′2 := −w
′
0(µ
′
1). Since −w
′′
0(α
′
3) = α
′
3 and the orbit O0 is stable under all auto-
morphisms of l′, the above discussion also shows that the ideals Ip′(µ2) and Ip′(µ
′
2)
are primitive with VA(Ip′(µ2)) = VA(Ip′(µ
′
2)) = O0. Furthermore, we have that
I0(−w
′′
0(λ1)) = Ip′(µ2)) and I0(−w
′′
0(λ
′
1)) = Ip′(µ
′
2).
It is immediate from Duflo’s theorem [14] that tI = I for any primitive ideal I of
U(l′), where u 7→ tu is the anti-involution of U(l′) acting identically on h and sending
eβ to e−β for any β ∈ Φ
+
1 (here we assume that {eβ | β ∈ Φ1} is a Chevalley system
of l′). Let ⊤ denote the canonical anti-involution of U(l′) which acts on l′ as −Id.
As t(x⊤) = (tx)⊤ for all x ∈ l′, composing these two anti-involutions one obtains a
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Cartan involution of l′; we call it c. It is well known that c = σ ◦ s where s is an
inner automorphism of g and σ is the Dynkin automorphism of g acting on h as −w′′0 .
From this it follows that
I⊤ = (tI)⊤ = Ic = (Is)σ = Iσ
for any primitive ideal I of U(l′). As an immediate consequence, we deduce that
Ip′(µ2)
⊤ = Ip′(−w
′′
0(µ1))
σ = Ip′(µ1) = I0(λ1) and likewise Ip′(µ
′
2)
⊤ = I0(λ
′
2).
Now let ν ∈ {µ2, µ
′
2} and denote by χ0 the linear function on l
′ given by χ0(x) =
(e0, x) for all x ∈ l
′, where ( · , · ) is the Killing form of l′. In the present case, the
nilpotent subalgebra m involved in the definition of of Ql′, e0 and U(l
′, e0) is spanned
by the root vectors e−β with β ∈ Φ
+
1 \ {α
′
3}. By our choice of e0, the linear function
χ0 vanishes on [m,m]. Given a ∈ C we put maχ0 = {x− aχ0(x) | x ∈ m}, a subspace
of U(l′). Since Mν := Mp′(ν) is a free U(m)-module of rank 1, the subspace m−χ0Mν
has codimension 1 in Mν . But then the subspace
Whχ0
(
M∗ν ) := {f ∈M
∗
ν | x · f = χ0(x)f for all x ∈ m}
of the full dual l′-moduleM∗ν is one-dimensional and carries a natural module structure
over the finiteW -algebra U(l′, e0) ∼= (U(l
′)/U(l′)mχ0)
ad m. By Skryabin’s theorem [43]
this implies that the l′-submodule of M∗ν generated by Whχ0
(
M∗ν ) is irreducible and
isomorphic to Ql′, e0 ⊗U(l′, e0) Whχ0
(
M∗ν
)
(recall that Ql′, e0 is tautologically a right
U(l′, e0)-module because U(l
′, e0) = (Endl′ Ql′, e0)
op). Moreover, repeating verbatim
the argument from [40, Remark 4.3] one observes that
Ip′(−w
′′
0(ν)) = Ip′(ν)
⊤ = AnnU(l′)(M
∗
ν ) = AnnU(l′)
(
Ql′, e0 ⊗U(l′, e0) Whχ0
(
M∗ν
))
.
In view of our earlier remarks in this subsection, this enables us to conclude that
Conditions (A) and (D) hold for both λ + ρ and λ′ + ρ. As a result, I(λ) and I(λ′)
are distinct multiplicity-free primitive ideals in XO(e).
4. The case of rigid nilpotent orbits in Lie algebras of type E7 and E6.
4.1. Type (E7,A1). As in the E8-case, e is a special nilpotent element and e
∨ ∈ g∨
is subregular. So it can be assumed that
h∨ = 2 2 0
2
2 2 2 .
Keeping in mind Losev’s condition (A) we choose the following pinning for e:
◦ ◦ • ◦ ◦ ◦
◦
and take
τ = 0 (−1) 2
(−1)
(−1) 0 0
as an optimal cocharacter. Since dim ge = 99 the total number of positive 0-roots
and 1-roots is (99− 7)/2 = 46. The roots are listed in the table below.
By a routine computation we see that the (1, 2, 3, 5, 6, 7)-contributions of the 0-
roots and 1-roots are (18, 25, 34, 39, 28, 15) and (8, 12, 16, 18, 12, 6), respectively. So
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0-roots 1-roots
1 0 0
0
0 0 0 , 0 0 0
0
0 1 0 , 0 0 0
0
0 0 1 , 0 0 0
0
0 1 1 , 0 1 1
1
0 0 0 , 0 1 1
0
0 0 0 , 0 0 1
1
0 0 0 , 0 0 1
0
1 0 0 , 1 1 1
0
0 0 0 ,
0 1 1
0
1 0 0 , 0 0 1
1
1 0 0 , 1 1 1
1
0 0 0 , 1 1 1
0
1 0 0 , 0 1 1
0
1 1 0 , 0 0 1
0
1 1 0 , 0 0 1
0
1 1 1 , 0 1 2
1
1 0 0 , 1 1 2
1
1 0 0 ,
0 0 1
1
1 1 0 , 1 1 1
0
1 1 0 , 0 1 1
0
1 1 1 , 0 0 1
1
1 1 1 , 1 1 1
0
1 1 1 , 0 1 2
1
1 1 0 , 0 1 2
1
1 1 1 , 1 1 2
1
1 1 0 , 1 1 2
1
1 1 1 ,
1 2 2
1
1 1 0 , 1 1 2
1
2 1 0 , 1 2 2
1
1 1 1 , 1 1 2
1
2 1 1 , 1 1 2
1
2 2 1 , 1 2 3
1
2 1 0 , 1 2 3
1
2 1 1 , 1 2 3
1
2 2 1 , 1 2 4
2
3 2 1 .
0 1 2
1
2 1 0 , 0 1 2
1
2 1 1 , 0 1 2
1
2 2 1 , 1 2 3
2
2 1 0 , 1 2 3
2
2 1 1 ,
1 2 3
2
2 2 1 , 1 2 3
1
3 2 1 , 1 3 4
2
3 2 1 , 2 3 4
2
3 2 1 , 1 2 2
1
1 1 0 .
the total contribution of all roots is (13, 37
2
, 25, 57
2
, 20, 21
2
). In view of [4, Planche VI]
Condition (C) for λ+ ρ reads
2a1 + 2a2 + 3a3 + 4a4 + 3a5 + 2a6 + a7 = 13
4a1 + 7a2 + 8a3 + 12a4 + 9a5 + 6a6 + 3a7 = 37
3a1 + 4a2 + 6a3 + 8a4 + 6a5 + 4a6 + 2a7 = 25
6a1 + 9a2 + 12a3 + 18a4 + 15a5 + 10a6 + 5a7 = 57
2a1 + 3a2 + 4a3 + 6a4 + 5a5 + 4a6 + 2a7 = 20
2a1 + 3a2 + 4a3 + 6a4 + 5a5 + 4a6 + 3a7 = 21.
Note that
λ+ ρ = 1 1 0
1
1 1 1 = ρ−̟4
satisfies this system of linear equations. As 〈λ, α∨4 〉 = 0, Condition (A) holds for λ+ρ.
Since e is special and λ + ρ = 1
2
h∨ applying [2, Proposition 5.10] we see that this
weight also satisfies Condition (B). Condition (D) is vacuous in the present case as e
has standard Levi type. Since the centraliser of e is a perfect Lie algebra in the present
case, applying [32, 5.3] we conclude that I(λ) = I(−̟4) is the only multiplicity-free
primitive ideal in XO(e). Since O(e) = Omin in the present case, we thus recover the
Joseph ideal by using some tools from the theory of finite W -algebras.
4.2. Type (E7, 2A1). This is a special orbit and e
∨ ∈ g∨ has type E7(a2). So we may
assume that h∨ = 2 2 0
2
2 0 2 . In view of Condition (A) we choose the following pinning
for e:
◦ ◦ • ◦ • ◦
◦
and we choose
τ = 0 (−1) 2
(−1)
(−2) 2 (−1)
to be our optimal cocharacter. As dim ge = 81, the total number of positive 0-roots
and 1-roots is (81− 7)/2 = 37. These roots are given below.
0-roots 1-roots
1 0 0
0
0 0 0 , 0 1 1
1
0 0 0 , 0 0 1
0
1 0 0 , 0 0 0
0
1 1 0 , 1 1 1
1
0 0 0 , 0 1 1
0
0 0 0 , 0 0 1
1
0 0 0 , 0 0 0
0
0 1 1 , 1 1 1
0
0 0 0 ,
0 1 1
1
1 1 0 , 1 1 1
1
1 1 0 , 0 1 1
0
1 1 1 , 1 1 1
0
1 1 1 , 0 0 1
1
1 1 1 , 0 1 1
0
1 1 0 , 0 0 1
1
1 1 0 , 0 0 1
0
1 1 1 , 1 1 1
0
1 1 0 ,
0 1 2
1
1 0 0 , 1 1 2
1
1 0 0 , 0 1 2
1
2 1 0 , 1 1 2
1
2 1 0 , 1 2 2
1
1 1 1 , 0 1 2
1
1 1 1 , 1 1 2
1
1 1 1 , 0 1 2
1
2 2 1 , 1 1 2
1
2 2 1 ,
1 2 2
1
2 2 1 , 1 2 3
2
2 1 0 , 1 2 3
1
2 1 1 , 1 2 3
1
3 2 1 , 1 3 4
2
3 2 1 , 1 2 2
1
1 1 0 , 1 2 3
1
2 1 0 , 1 2 3
2
2 2 1 , 1 2 4
2
3 2 1 .
2 3 4
2
3 2 1 .
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The (1, 2, 3, 5, 7)-contributions of the 0-roots and 1-roots are (14, 19, 26, 29, 9) and
(8, 12, 16, 18, 8), respectively, and the total contribution of all roots is (11, 31
2
, 21, 47
2
, 17
2
).
So Condition (C) for λ+ ρ reads
2a1 + 2a2 + 3a3 + 4a4 + 3a5 + 2a6 + a7 = 11
4a1 + 7a2 + 8a3 + 12a4 + 9a5 + 6a6 + 3a7 = 31
3a1 + 4a2 + 6a3 + 8a4 + 6a5 + 4a6 + 2a7 = 21
6a1 + 9a2 + 12a3 + 18a4 + 15a5 + 10a6 + 5a7 = 47
2a1 + 3a2 + 4a3 + 6a4 + 5a5 + 4a6 + 3a7 = 17.
A very nice solution to this system of linear equations is given by setting ai = 0 for
i = 4, 6 and ai = 1 for i = 1, 2, 3, 5, 7. It follows that λ+ ρ =
1
2
h∨ satisfies Condition
(C). As 〈λ, α∨i 〉 = 0 for i = 4, 6, Condition (A) also holds for λ+ ρ. Since e is special
and λ+ ρ = 1
2
h∨, Condition (B) follows from [2, Proposition 5.10], whilst Condition
(D) is again vacuous as e has standard Levi type. Since ge = [ge, ge] by [12], we
conclude that I(λ) = I(−̟4 − ̟6) is the only multiplicity-free primitive ideal in
XO(e).
4.3. Type (E7, (3A1)
′). Here our pinning for e is as follows:
• ◦ • ◦ • ◦
◦
and we choose
τ = 2 (−2) 2
(−1)
(−2) 2 (−1)
to be our optimal cocharacter. Also, dim ge = 69 and the total number of positive
0-roots and 1-roots is (69− 7)/2 = 31. These roots are given in the table below.
0-roots 1-roots
1 1 0
0
0 0 0 , 0 1 1
0
0 0 0 , 0 0 1
0
1 0 0 , 0 0 0
0
1 1 0 , 0 0 1
1
0 0 0 , 0 0 0
0
0 1 1 , 1 1 1
1
0 0 0 , 0 0 1
0
1 1 1 ,
1 1 1
0
1 0 0 , 0 1 1
0
1 1 0 , 0 0 1
1
1 1 1 , 1 1 1
1
1 1 1 , 0 0 1
1
1 1 0 , 1 1 1
1
1 1 0 , 1 1 1
0
1 1 1 , 1 1 2
1
1 0 0 ,
0 1 2
1
1 1 1 , 1 2 2
1
1 1 1 , 0 1 2
1
2 2 1 , 1 2 2
1
2 2 1 , 0 1 2
1
1 1 0 , 1 1 2
1
2 1 0 , 1 2 2
1
1 1 0 , 1 2 3
1
2 1 0 ,
1 2 3
1
3 2 1 , 1 2 3
1
2 1 1 , 1 2 3
2
2 1 0 , 1 1 2
1
2 1 1 . 1 2 4
2
3 2 1 , 2 3 4
2
3 2 1 , 1 2 3
2
2 2 1 .
The orbit O(e) is non-special and
1
2
dimO(e) = (133− 69)/2 = 32 = 63− 31 = |Φ+| − (30 + 1).
Therefore, it seems reasonable to seek a highest weight λ + ρ =
∑7
i=1 ai̟i with Φλ
of type D6 + A1. This means that we want all ai to be half-integers. The (2, 3, 5, 7)-
contributions of the 0-roots and 1-roots are (11, 18, 21, 9) and (15, 17, 19, 6), respec-
tively, and the total contribution of all roots is (13, 35
2
, 20, 15
2
).
Setting a˜i := 2ai for 1 ≤ i ≤ 7 we can express Condition (C) for λ+ ρ as follows:
4a˜1 + 7a˜2 + 8a˜3 + 12a˜4 + 9a˜5 + 6a˜6 + 3a˜7 = 52
3a˜1 + 4a˜2 + 6a˜3 + 8a˜4 + 6a˜5 + 4a˜6 + 2a˜7 = 35
6a˜1 + 9a˜2 + 12a˜3 + 18a˜4 + 15a˜5 + 10a˜6 + 5a˜7 = 80
2a˜1 + 3a˜2 + 4a˜3 + 6a˜4 + 5a˜5 + 4a˜6 + 3a˜7 = 30.
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A very nice solution to this system of linear equations is obtained by setting a˜i = 1
for 1 ≤ i ≤ 6 and a˜7 = 2, which leads to
λ+ ρ = ̟7 +
1
2
∑6
i=1̟i =
1
2
ρ+ 1
2
̟7.
Note that Φλ contains the positive roots
γ1 γ2 γ3 γ4 γ5 γ7
γ6
where
γ1 = 0 0 10
1 0 0 , γ2 = 1 1 00
0 0 0 , γ3 = 0 0 10
1 0 0 , γ4 = 0 0 00
1 1 0 ,
γ5 = 0 0 00
0 0 1 , γ6 = 0 1 10
0 0 0 , γ7 = 0 1 11
1 0 0 .
Since it follows from the Borel–de Siebehthal algorithm that all root subsystems of
type D6 + A1 are maximal in Φ, the roots γ1, . . . , γ7 form the basis of Φλ contained
in Φ+. Since 〈λ + ρ, γ∨i 〉 ∈ Z
>0 for 1 ≤ i ≤ 7 and |Φ+| − |Φ+λ | =
1
2
dim O(e) by our
earlier remark, applying [24, Corollary 3.5] gives dim VA(I(λ)) = dim O(e). Since
〈λ + ρ, α∨i 〉 6∈ Z
>0 for i = 1, 4, 6 by our choice of pinning, we also see that λ + ρ
satisfies Condition (A). As a consequence, e ∈ VA(I(λ)). But then VA(I(λ)) = O(e)
i.e. Condition (B) holds for λ+ ρ. Since in the present case Condition (D) is vacuous
and ge = [ge, ge] by [12], we combine [32, 5.3] and [42, Proposition 11] to conclude
I(1
2
̟7 −
1
2
ρ) is the only multiplicity-free primitive ideal in XO(e).
4.4. Type (E7, 4A1). In this case we choose the following pinning for e:
◦ • ◦ • ◦ •
•
and we take
τ = (−1) 2 (−3)
2
2 (−2) 2
as an optimal cocharacter. Since dim ge = 63, the total number of positive 0-roots
and 1-roots is (63−7)/2 = 28. These roots are given below. The (1, 4, 6)-contributions
0-roots 1-roots
0 0 0
0
0 1 1 , 1 1 1
1
0 0 0 , 1 1 1
0
1 0 0 , 1 1 1
0
1 1 1 , 1 1 0
0
0 0 0 , 0 1 1
0
1 0 0 , 0 1 1
0
1 1 1 , 0 0 1
1
1 0 0 ,
0 0 0
0
1 1 0 , 1 1 1
1
1 1 0 , 0 1 2
1
1 0 0 , 0 1 2
1
1 1 1 , 0 0 1
1
1 1 1 , 0 1 1
1
0 0 0 , 0 1 1
1
1 1 0 , 1 2 2
1
1 0 0 ,
0 1 2
1
2 1 0 , 0 1 2
1
2 2 1 , 1 2 3
2
2 1 0 , 1 2 3
2
2 2 1 , 1 2 2
1
1 1 1 , 1 2 2
1
2 1 0 , 1 2 2
1
2 2 1 , 1 3 4
2
3 2 1 ,
2 3 4
2
3 2 1 , 1 2 3
1
2 1 1 , 1 2 3
1
3 2 1 . 1 1 2
1
2 1 1 .
of the 0-roots and 1-roots are (10, 28, 16) and (7, 20, 10), respectively, and the total
contribution of all roots is (17
2
, 24, 13).
The orbit O(e) is non-special and 1
2
dimO(e) = (133 − 63)/2 = 35 = |Φ+| − 28,
hence we seek λ + ρ =
∑7
i=1 ai̟i for which Φλ has type A7. To that end we assume
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that the ai’s are half-integers. Let a˜i = 2ai, whetre 1 ≤ i ≤ 7. Then Condition (C)
for λ+ ρ reads
2a˜1 + 2a˜2 + 3a˜3 + 4a˜4 + 3a˜5 + 2a˜6 + a˜7 = 17
4a˜1 + 6a˜2 + 8a˜3 + 12a˜4 + 9a˜5 + 6a˜6 + 3a˜7 = 48
2a˜1 + 3a˜2 + 4a˜3 + 6a˜4 + 5a˜5 + 4a˜6 + 2a˜7 = 26.
A perfect solution to this system of linear equations is given by setting a˜i = 1 for all
1 ≤ i ≤ 7, leading to
λ+ ρ = 1
2
∑7
i=1̟i =
1
2
ρ.
It is straightforward to see that Φλ contains the positive roots
γ1 γ2 γ3 γ4 γ5 γ6 γ7
where
γ1 = 0 1 10
0 0 0 , γ2 = 0 0 00
1 1 0 , γ3 = 0 0 11
0 0 0 , γ4 = 1 1 00
0 0 0 ,
γ5 = 0 0 10
1 0 0 , γ6 = 0 0 00
0 1 1 , γ7 = 0 1 11
1 0 0 .
Repeating verbatim the argument used in the previous case we deduce that γ1, . . . , γ7
form the basis of Φλ contained in Φ
+. Since 〈λ+ ρ, γ∨i 〉 ∈ Z
>0 for all i, it follows that
dim VA(I(λ)) = |Φ| − |Φλ| = dim O(e).
Since 〈λ + ρ, α∨i 〉 6∈ Z
>0 for i = 2, 3, 5, 7 by our choice of pinning, λ + ρ satisfies
Condition (A) yielding e ∈ VA(I(λ)). But then VA(I(λ)) = O(e) i.e. Condition (B)
holds for λ + ρ. Since in the present case Condition (D)is again vacuous and ge =
[ge, ge] by [12], we conclude that I(−
1
2
ρ) is the only multiplicity-free primitive ideal
in XO(e).
4.5. Type (E7,A2 + 2A1). This is a special orbit and e
∨ ∈ g∨ has type E7(a4). So
we may assume that h∨ = 2 0 2
0
0 0 2 . In view of Condition (A) we use the following
pinning for e:
◦ • ◦ • • ◦
•
and we choose
τ = (−1) 2 (−4)
2
2 2 (−2)
to be our optimal cocharacter. As dim ge = 51, the total number of positive 0-roots
and 1-roots is (51−7)/2 = 22. These roots are given in the table below. The (1, 4, 7)-
0-roots 1-roots
0 1 1
1
0 0 0 , 0 1 1
0
1 0 0 , 0 0 0
0
0 1 1 , 0 0 1
1
1 0 0 , 1 1 0
0
0 0 0 , 1 1 1
0
1 0 0 , 1 1 1
0
1 1 0 , 1 1 1
1
1 1 1 ,
0 0 1
1
1 1 1 , 0 1 1
0
1 1 1 , 0 0 1
0
1 1 0 , 0 1 2
1
1 1 0 , 1 2 2
1
1 1 0 , 1 1 2
1
1 1 0 , 1 1 2
1
2 2 1 , 1 2 2
1
2 1 1 ,
0 1 2
1
2 1 1 , 2 3 4
2
3 2 1 . 1 2 3
1
3 2 1 , 1 2 3
2
2 1 0 , 1 2 3
2
2 2 1 , 1 3 4
2
3 2 1 .
contributions of the 0-roots and 1-roots are (2, 14, 5) and (12, 24, 6), respectively, and
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the total contribution of all roots is (7, 19, 11
2
). So Condition (C) for λ + ρ reads
2a1 + 2a2 + 3a3 + 4a4 + 3a5 + 2a6 + a7 = 7
4a1 + 7a2 + 8a3 + 12a4 + 9a5 + 6a6 + 3a7 = 19
2a1 + 3a2 + 4a3 + 6a4 + 5a5 + 4a6 + 3a7 = 11.
A nice solution to this system of linear equations is given by setting ai = 0 for
i = 2, 3, 5, 6 and ai = 1 for i = 1, 4, 7. It follows that λ + ρ =
1
2
h∨ satisfies Losev’s
condition (C). As 〈λ, α∨i 〉 = 0 for i = 3, 4, 5, 6, our choice of pinning shows that
Condition (A) also holds for λ+ ρ. Since e is special and λ+ ρ = 1
2
h∨, Condition (B)
follows from [2, Proposition 5.10]. As Condition (D) is again vacuous and ge = [ge, ge]
by [12], we conclude that I(λ) = I(−̟2−̟3−̟5−̟6) is the only multiplicity-free
primitive ideal in XO(e).
4.6. Type (E7, 2A2 + A1). Here our pinning for e is
• • ◦ • • ◦
•
and we take
τ = 2 2 (−5)
2
2 2 (−2)
as an optimal cocharacter. Since dim ge = 43, the total number of positive 0-roots and
1-roots is (43 − 7)/2 = 18. These roots are given below. The (4, 7)-contributions of
0-roots 1-roots
0 0 0
0
0 1 1 , 1 1 2
1
1 1 0 , 1 2 2
1
1 0 0 , 1 2 2
1
1 1 1 , 1 1 1
1
0 0 0 , 0 1 1
1
1 0 0 , 1 1 1
0
1 0 0 , 0 1 1
0
1 1 0 ,
0 1 2
1
2 1 0 , 0 1 2
1
2 2 1 , 1 3 4
2
3 2 1 , 1 1 2
1
2 1 1 . 0 0 1
1
1 1 0 , 1 1 1
0
1 1 1 , 0 1 1
1
1 1 1 , 1 2 3
2
2 1 0 ,
1 2 3
2
2 2 1 , 1 2 3
1
3 2 1 .
the 0-roots and 1-roots are (16, 5) and (16, 4), respectively, and the total contribution
of all roots is (16, 9
2
).
The orbit O(e) is non-special and 1
2
dimO(e) = (133−43)/2 = 45 = |Φ+|−(15+3),
hence we seek λ+ ρ =
∑7
i=1 ai̟i for which Φλ has type A5 + A2. So it is reasonable
to assume that the ai ∈
1
3
Z for all i. Setting a˜i := 3ai for 1 ≤ i ≤ 7 we can express
Condition (C) for λ+ ρ as follows:
4a˜1 + 6a˜2 + 8a˜3 + 12a˜4 + 9a˜5 + 6a˜6 + 3a˜7 = 48
2a˜1 + 3a˜2 + 4a˜3 + 6a˜4 + 5a˜5 + 4a˜6 + 3a˜7 = 27.
A perfect solution to this system of linear equations is given by setting a˜i = 1 for all
i, leading to
λ+ ρ = 1
3
∑7
i=1̟i =
1
3
ρ.
Note that Φλ contains the positive roots
γ1 γ2 γ3 γ4 γ5 γ6 γ7
where
γ1 = 0 0 10
1 1 0 , γ2 = 0 1 11
0 0 0 , γ3 = 0 0 00
1 1 1 , γ4 = 1 1 10
0 0 0 ,
γ5 = 0 0 11
1 0 0 , γ6 = 0 1 10
1 0 0 , γ7 = 1 1 11
1 1 0 .
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Since the subsystems of type A5 + A2 are maximal in Φ, the roots γ1, . . . , γ7 form the
basis of Φλ contained in Φ
+. Since 〈λ+ ρ, γ∨i 〉 ∈ Z
>0 for all i, this yields
dim VA(I(λ)) = |Φ| − |Φλ| = dim O(e).
Since 〈λ + ρ, β∨〉 6∈ Z>0 for any root β ∈ Φ+ which can be expressed as a linear
combination αi with i ∈ {1, 2, 3, 5, 6}, we see that λ+ ρ satisfies Condition (A). But
then e ∈ VA(I(λ)), forcing VA(I(λ)) = O(e). So Condition (B) holds for λ + ρ as
well. Since Condition (D) is still vacuous in the present case and ge = [ge, ge] by [12],
we conclude that I(−2
3
ρ) is the only multiplicity-free primitive ideal in XO(e).
4.7. Type (E7, (A3 + A1)
′). In this case ge = Ce ⊕ [ge, ge] by [12] and so we may
expect that U(g, e) affords at least 2 one-dimensional representations. In fact, there
are exactly two of them, by [19], and our goal is to find Duflo realisations of the
corresponding primitive ideals of U(g). We choose the following pinning for e:
• • • ◦ • ◦
◦
and we take
τ = 2 2 2
(−3)
(−4) 2 (−1)
as our optimal cocharacter. Since dim ge = 41, the total number of positive 0-roots
and 1-roots is (41−7)/2 = 17. These roots are given below. The (2, 5, 7)-contributions
0-roots 1-roots
0 1 1
0
1 0 0 , 0 0 1
0
1 1 0 , 1 1 1
1
1 1 1 , 0 1 2
1
1 1 1 , 0 0 0
0
0 1 1 , 0 1 1
1
0 0 0 , 0 1 1
0
1 1 1 , 1 1 1
1
1 1 0 ,
1 2 2
1
2 1 1 , 1 1 2
1
2 2 1 , 1 2 3
1
3 2 1 , 1 2 3
2
2 1 0 . 0 1 2
1
1 1 0 , 1 2 2
1
2 1 0 , 1 2 3
2
2 2 1 , 1 3 4
2
3 2 1 ,
1 1 2
1
1 0 0 .
of the 0-roots and 1-roots are (7, 13, 5) and (9, 11, 4), respectively, and the total contri-
bution of all roots is (8, 12, 9
2
). The orbit O(e) is non-special and analysing all options
available in the present case one eventually comes to the conclusion that λ+ ρ must
have an integral root system of type D6 + A1. Furthermore, λ + ρ must be strongly
dominant on the positive root coming from the A1-component of Φλ. Let g1(λ) denote
the simple ideal of type D6 in the Lie algebra g(λ). In view of [32, Proposition 5.3.2]
we should look for a special nilpotent orbit of dimension (133−41)−(133−66−3) = 28
in g1(λ).
Let V be a 12-dimensional vector space over C and let Ψ be a non-degenerate
symmetric bilinear form on V . We identify g1(λ) with the stabiliser of Ψ in gl(V )
and adopt the notation introduced in Subsection 3.11. Let X be a nilpotent element
of g1(λ) with p(X) = (2
4, 14) (in the present case p(X) is a partition of 12). Then
r(X) = (8, 4) and nodd(X) = 4 implying
dim g1(λ)X =
1
2
((∑k
i=1r
2
i
)
− nodd(X)
)
= 1
2
(64 + 16− 4) = 38.
So the orbit of X is special (by [8, p. 437], for example) of dimension 66− 38 = 28.
The above discussion also indicates that we should seek λ+ρ =
∑7
i=1 ai̟i for which
all ai are half-integers. Setting a˜i = 2ai for 1 ≤ i ≤ 7 we can express Condition (C)
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as follows:
4a˜1 + 7a˜2 + 8a˜3 + 12a˜4 + 9a˜5 + 6a˜6 + 3a˜7 = 32
6a˜1 + 9a˜2 + 12a˜3 + 18a˜4 + 15a˜5 + 10a˜6 + 5a˜7 = 48,
2a˜1 + 3a˜2 + 4a˜3 + 6a˜4 + 5a˜5 + 4a˜6 + 3a˜7 = 18.
A rather nice solution to this system of linear equations is given by setting a˜i = 1 for
i = 1, 2, 4, 6, 7 and a˜i = 0 for i =, 3, 5. Although the corresponding highest weight
µ+ ρ = 1
2
(̟1+̟2+̟4+̟6+̟7) does not satisfy Condition (A), this can be easily
amended by replacing it with
λ+ ρ = s3s1s4(µ+ ρ) =
1
2
(̟1 +̟4 +̟5 +̟6 +̟7) +̟2 −̟3,
which still satisfies Condition (C). Since 〈λ + ρ, γ∨〉 6∈ Z>0 for any root γ ∈ Φ+ that
can be expressed as a linear combination of α1, α3, α4, α6, our choice of pinning shows
that Condition (A) also holds for λ+ ρ.
The integral root system of λ+ ρ contains the positive roots
β1 β2 β3 β4 β5 β7
β6
where
β1 = 0 0 00
1 1 0 , β2 = 1 1 10
0 0 0 , β3 = 0 0 01
0 0 0 , β4 = 0 0 10
1 0 0 ,
β5 = 0 0 00
0 1 1 , β6 = 0 1 00
0 0 0 , β7 = 0 1 21
1 1 0 .
From the maximality of the root subsystems of type D6 + A1 in Φ it follows that
β1, . . . , β7 form a basis of Φλ contained in Φ
+. Let ̟′1, . . . , ̟
′
7 ∈ P (Φ)Q be the
corresponding fundamental weights, so that 〈̟′i, β
∨
j 〉 = δij for all 1 ≤ i, j ≤ 7.
Using the explicit expressions for the βi’s it is straightforward to check that
λ+ ρ = ̟′1 +̟
′
3 +̟
′
4 +̟
′
5 −̟
′
6 + 2̟
′
7 = sβ6sβ4sβ2(̟
′
1 +̟
′
3 +̟
′
5 +̟
′
6 + 2̟
′
7).
Set ν := sβ2sβ4sβ6  λ and recall the notation introduced in Subsection 3.7. The
above shows that ν + ρ ∈ Λ+ and Π0ν = {β2, β4} = τΛ(sβ6sβ4sβ2), Thanks to [22,
Corollar 10.10] we have that
d
(
U(g)/I(λ)
)
= d
(
U(g)/I(sβ6sβ4sβ2  ν)
)
= d
(
U(g)/I(sβ6sβ4sβ2  η)
)
for any regular η ∈ Λ+, and
d
(
U(g)/I(sβ6sβ4sβ2  η)
)
= d
(
U(g)/I(sβ2sβ4sβ6  η)
)
= d
(
U(g)/I(sβ2sβ4  η)
)
= d
(
U(g)/I(sβ2sβ4  ν)
)
= d
(
U(g)/I(ν)
)
.
Since g(λ) is a Lie algebra of type of type D6 + A1, applying [32, Proposition 5.3.2]
now shows that
d
(
U(g)/I(λ)
)
= d
(
U(g)/I(ν)
)
= d
(
U(g)/I(sβ2sβ4  η)
)
= 64 + dimOλ(w0sβ2sβ4)
where w0 is the longest element of Wλ and Oλ(w0sβ2sβ4) is the special nilpotent orbit
in g(λ) attached to the double cell of Wλ containing w0sβ2sβ4 .
Let t′ = t ∩ g1(λ) and identify β1, . . . , β6 with a basis of simple roots in the root
system of g1(λ) with respect to t
′ (this will also enable us to view ̟′1, . . . , ̟
′
6 as the
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corresponding system of fundamental weights). Let ρ′ =
∑6
i=1 ̟
′
i and denote by ν
′
the restriction of ν + ρ − ρ′ to t′. Let I1(ν
′) be the annihilator in U(g1(λ)) of the
irreducible g1(λ)-module of highest weight ν
′. Since 〈ν+ρ, β∨7 〉 ∈ Z
>0, the aove shows
that d
(
U(g)/I(ν)
)
= 64 + dimVA(I1(ν
′)) and
dimOλ(w0sβ2sβ4) = dimVA(I1(ν
′)) = VA(I1(−̟
′
2 −̟
′
4)).
Let X∨ be an element from the nilpotent orbit of g1(λ) corresponding to the orbit
of X under the Spaltenstein duality. As X is regular in a Levi subalgebra of g1(λ)
whose semisimple part has type A1 + A1, it follows from [2, Appendix], for example,
that p(X∨) = (7, 5). Applying the recipe described in [8, p. 395] we now observe that
the Dynkin label of the orbit of X∨ equals
2 0 2 0
2
2 = 2(ν ′ + ρ′).
But then [2, Proposition 5.10] yields that X lies in the open orbit of VA(I1(ν
′)).
As a result, dimVA(I(λ)) = 64 + 28 = 92 = dimO(e). Since Condition (A) holds
for λ + ρ by our choice of pinning, we now deduce that VA(I(λ)) = O(e), that is
Condition (B) holds for λ+ ρ. As e has standard Levi type, Condition (D) holds for
λ+ ρ automatically. So I(−2̟3 −
1
2
(̟1+̟4+̟5 +̟6 +̟7)) is a multiplicity-free
primitive ideal in XO(e).
As in Subsection 3.9, we are going to search for the second multiplicity-free primitive
ideal I(λ′) ∈ XO(e) by imposing two additional assumptions on λ
′ + ρ =
∑7
i=1 bi̟i:
(a) Φλ′ = Φλ;
(b) 〈λ′ + ρ, β∨7 〉 = 1.
Condition (C) together with (b) leads to the following system of linear equations:
b˜2 + b˜3 + 2b˜4 + b˜5 + b˜6 = 2
4b˜1 + 7b˜2 + 8b˜3 + 12b˜4 + 9b˜5 + 6b˜6 + 3b˜7 = 32
6b˜1 + 9b˜2 + 12b˜3 + 18b˜4 + 15b˜5 + 10b˜6 + 5b˜7 = 48
2b˜1 + 3b˜2 + 4b˜3 + 6b˜4 + 5b˜5 + 4b˜6 + 3b˜7 = 18.
Here b˜i = 2bi for all 1 ≤ i ≤ 7. After several unsuccessful attempts we realised that
setting b˜1 = b5 = 3, b˜2 = −b˜3 = 4, b˜4 = −1 and b˜i = 1 for i ∈ {5, 6, 7} provides us
with a promising solution which leads to the weight
λ′ + ρ = 1
2
(3̟1 + 4̟2 − 4̟3 −̟4 + 3̟5 +̟6 +̟7).
By our choice of pinning, Conditions (A) holds for λ′+ρ and computations show that
λ′ + ρ = 2̟′1 −̟
′
2 + 2̟
′
3 +̟
′
4 +̟
′
5 − 2̟
′
6 +̟
′
7 = sβ6sβ4sβ2sβ3sβ5
(∑
i 6=3,5̟
′
i
)
.
Then λ′ = sβ6sβ4sβ2sβ3sβ5  µ
′ where µ′ = sβ5sβ3sβ2sβ4sβ6(λ
′ + ρ)− ρ ∈ Λ+, and
Π0µ′ = {β3, β5} ⊆ τΛ(sβ6sβ2sβ4sβ3sβ5).
Applying [22, Corollar 10.10] we that
d
(
U(g)/I(λ′)
)
= d
(
U(g)/I(sβ6sβ4sβ2sβ3sβ5  µ
′)
)
= d
(
U(g)/I(sβ6sβ4sβ2sβ3sβ5  η)
)
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for any regular η ∈ Λ+ and
d
(
U(g)/I(λ′)
)
= d
(
U(g)/I(sβ6sβ4sβ5sβ2sβ3  η)
)
= d
(
U(g)/I(sβ6sβ4sβ5sβ2  η)
)
= d
(
U(g)/I(sβ2sβ5sβ4sβ6  η)
)
= d
(
U(g)/I(sβ2sβ5sβ4  η)
)
= d
(
U(g)/I(sβ4sβ5sβ2  η)
)
= d
(
U(g)/I(sβ2sβ4sβ5  η)
)
= d
(
U(g)/I(sβ2sβ4  η)
)
= d
(
U(g)/I(λ)) = dimVA(O(e)),
where the last equality follows from our earlier results in this subsection. Since
Condition (D) is vacuous in the present case, we conclude that λ′ + ρ satisfies all
Losev’s conditions and hence I(̟2− 3̟3+
1
2
(̟1− 3̟4+̟5−̟6−̟7)) is another
multiplicity-free primitive ideal in XO(e).
If I(λ) = I(λ′) then λ′ + ρ = w(λ + ρ) for some w ∈ W . Since Φλ = Φλ′ it must
be that w−1(Φλ) = Φλ. But then w must preserve the A1-component of Φλ forcing
w−1(β7) = ±β7 The latter, however, is impossible since λ+ρ and λ
′+ρ take different
positive values at β∨7 . Hence I(λ) and I(λ
′) are the distinct multiplicity-free primitive
ideals in XO(e).
4.8. Type (E6,A1). In this case e is special and e
∨ ∈ g∨ is subregular. So it can be
assumed that h∨ = 2 2 0
2
2 2 . Due to Condition (A) our pinning for e is
◦ ◦ • ◦ ◦
◦
and we choose
τ = 0 (−1) 2
(−1)
(−1) 0
to be our optimal cocharacter. As dim ge = 56, the total number of positive 0-roots
and 1-roots is (56− 5)/2 = 25. These roots are given below.
0-roots 1-roots
1 0 0
0
0 0 , 0 0 0
0
0 1 , 0 1 1
1
0 0 , 0 1 1
0
1 0 , 0 0 1
1
1 0 , 0 1 1
0
0 0 , 0 0 1
0
1 0 , 0 0 1
1
0 0 , 1 1 1
0
0 0 ,
1 1 1
1
0 0 , 1 1 1
0
1 0 , 0 0 1
1
1 1 , 0 1 1
0
1 1 , 1 1 1
0
1 1 , 0 0 1
0
1 1 , 0 1 2
1
1 0 , 1 1 2
1
1 0 , 0 1 2
1
1 1 ,
1 2 2
1
1 0 , 0 1 2
1
2 1 , 1 1 2
1
2 1 , 1 2 2
1
1 1 , 1 2 3
2
2 1 . 1 1 2
1
1 1 , 1 2 3
1
2 1 .
The (1, 2, 3, 5, 6)-contributions of the 0-roots and 1-roots are (8, 10, 14, 14, 8) and
(4, 6, 8, 8, 4), respectively, and the total contribution of all roots is (6, 8, 11, 11, 6). In
view of [4, Planche V] Condition (C) for λ + ρ =
∑6
i=1 ai̟i reads
4a1 + 3a2 + 5a3 + 6a4 + 4a5 + 2a6 = 18
a1 + 2a2 + 2a3 + 3a4 + 2a5 + a6 = 8
5a1 + 6a2 + 10a3 + 12a4 + 8a5 + 4a6 = 33
4a1 + 6a2 + 8a3 + 12a4 + 10a5 + 5a6 = 33
2a1 + 3a2 + 4a3 + 6a4 + 5a5 + 4a6 = 18.
A perfect solution to this system of linear equations is given by setting a4 = 0 and
ai = 1 for i = 1, 2, 3, 5, 6. It follows that λ + ρ =
1
2
h∨ satisfies Condition (C). As
〈λ, α∨4 〉 = 0, Condition (A) also holds for λ + ρ. Since e is special and λ + ρ =
1
2
h∨,
Condition (B) follows from [2, Proposition 5.10]. Since Condition (D) is vacuous in
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the present case and ge = [ge, ge] by [12], we conclude that I(λ) = I(−̟4) is the
only multiplicity-free primitive ideal in XO(e). Not surprisingly, it coincides with the
Joseph ideal of U(g).
4.9. Type (E6, 3A1). Here our pinning for e is
• ◦ • ◦ •
◦
and we take
τ = 2 (−2) 2
(−1)
(−2) 2
as an optimal cocharacter. Since dim ge = 38, the total number of positive 0-roots
and 1-roots is (38−6)/2 = 16. These roots are given below. The (2, 3, 5)-contributions
0-roots 1-roots
1 1 0
0
0 0 , 0 1 1
0
0 0 , 0 0 1
0
1 0 , 0 0 0
0
1 1 , 0 0 1
1
0 0 , 1 1 1
1
0 0 , 0 0 1
1
1 1 , 1 1 2
1
1 0 , 0 1 2
1
1 1 ,
1 1 1
0
1 0 , 0 1 1
0
1 1 , 1 2 3
2
2 1 . 1 1 1
1
1 1 , 1 2 2
1
1 1 , 1 1 2
1
2 1 , 1 2 3
1
2 1 .
of the 0-roots and 1-roots are (2, 6, 6) and (9, 9, 9), respectively, and the total contri-
bution of all roots is (11
2
, 15
2
, 15
2
).
The orbit O(e) is non-special and 1
2
dimO(e) = (78− 38)/2 = 20 = |Φ+| − (15+1),
hence we seek λ+ ρ =
∑6
i=1 ai̟i for which Φλ has type A5 + A1. So it is reasonable
assume that the ai’s are half-integers. Setting a˜i := 2ai for 1 ≤ i ≤ 6 we rewrite
Condition (C) for λ+ ρ as follows:
a˜1 + 2a˜2 + 2a˜3 + 3a˜4 + 2a˜5 + a˜6 = 11
5a˜1 + 6a˜2 + 10a˜3 + 12a˜4 + 8a˜5 + 4a˜6 = 45
4a˜1 + 6a˜2 + 8a˜3 + 12a˜4 + 10a˜5 + 5a˜6 = 45.
A perfect solution to this system of linear equations is given by setting a˜i = 1 for all
1 ≤ i ≤ 6, leading to
λ+ ρ = 1
2
∑6
i=1̟i =
1
2
ρ.
It is straightforward to see that Φλ contains the positive roots
γ1 γ2 γ3 γ4 γ5 γ6
where
γ1 = 0 1 10
0 0 , γ2 = 0 0 00
1 1 , γ3 = 0 0 11
0 0 ,
γ4 = 1 1 00
0 0 , γ5 = 0 0 10
1 0 , γ6 = 0 1 11
1 0 .
Since the subsystems of type A5 + A1 are maximal in Φ, the roots γ1, . . . , γ6 form the
basis of Φλ contained in Φ
+. Since 〈λ+ ρ, γ∨i 〉 ∈ Z
>0 for all i, this yields
dim VA(I(λ)) = |Φ| − |Φλ| = dim O(e).
Since 〈λ + ρ, α∨i 〉 6∈ Z
>0 for i ∈ {1, 4, 6}, Condition (A) holds for λ + ρ, forcing
VA(I(λ)) = O(e). Since Condition (D) is vacuous and ge = [ge, ge] by [12], we deduce
that I(−1
2
ρ) is the only multiplicity-free primitive ideal in XO(e).
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4.10. Type (E6, 2A2 + A1). Here the pinning for e is unique:
• • ◦ • •
•
and we choose
τ = 2 2 (−5)
2
2 2
as our optimal cocharacter. As dim ge = 24, the total number of positive 0-roots and
1-roots is (24 − 6)/2 = 9. These roots are given below. The 4-contributions of the
0-roots 1-roots
1 1 2
1
1 1 , 0 1 2
1
2 1 , 1 2 2
1
1 0 . 1 1 1
1
0 0 , 0 1 1
1
1 0 , 0 0 1
1
1 1 , 1 1 1
0
1 0 , 0 1 1
0
1 1 , 1 2 3
2
2 1 .
0-roots and 1-roots are 6 and 8, respectively, and the total contribution of all roots
is 7.
Our orbit is non-special and
1
2
dimO(e) = (78− 24)/2 = 27 = |Φ+| − (3 + 3 + 3).
Therefore, it is reasonable to seek λ+ρ =
∑6
i=1 ai̟i for which Φλ has type A2 + A2 + A2.
In the present case Condition (C) boils down to one linear equation
2a1 + 3a2 + 4a3 + 6a4 + 4a5 + 2a6 = 7.
Setting ai =
1
3
for all 1 ≤ i ≤ 6 provides us with a perfect solution which leads to
λ+ ρ = 1
3
ρ. It is straightforward to see that Φλ contains the positive roots
γ1 γ2 γ3 γ4 γ5 γ6
where
γ1 = 1 1 10
0 0 , γ2 = 0 0 11
1 0 , γ3 = 0 1 11
0 0 ,
γ4 = 0 0 10
1 1 , γ5 = 0 1 10
1 0 , γ6 = 1 1 11
1 1 .
Since the subsystems of type A2 + A2 + A2 are maximal in Φ, the roots γ1, . . . , γ6
form the basis of Φλ contained in Φ
+. Since 〈λ + ρ, γ∨i 〉 ∈ Z
>0 for all i, this yields
dim VA(I(λ)) = |Φ| − |Φλ| = dim O(e). Since 〈λ + ρ, β
∨〉 6∈ Z>0 for any root β ∈
Φ+ which can be expressed as a linear combination of αi with i ∈ {1, 2, 3, 5, 6},
Condition (A) holds for λ+ ρ. Since Condition (D) is again vacuous and ge = [ge, ge]
by [12], we argue as before to conclude that I(−2
3
ρ) is the only multiplicity-free
primitive ideal in XO(e).
5. The case of rigid nilpotent orbits in Lie algebras of type F4 and G2.
In this section we assume that Φ has type F4 or G2. Since in both cases there are
roots of different lengths, we distinguish between Φ with Φ∨ and regard Φλ as a root
subsystem of Φ∨.
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5.1. Type (F4,A1). Here our pinning for e is
• ◦ // ◦ ◦
and we choose τ = (2,−1, 0, 0) as an optimal cocharacter. Since dim ge = 36, the total
number of 0-roots and 1-roots is (36 − 4)/2 = 16. These roots are given below. The
0-roots 1-roots
0010, 0001, 0011, 1220, 1221, 1100, 1110, 1111, 1121,
1222, 1231, 1232, 1242. 1120, 1122, 2342.
(2, 3, 4)-contributions of 0-roots and 1-roots are (12, 18, 10) and (9, 12, 6), respectively,
and the total contribution of all roots is (21
2
, 15, 8). The orbit O(e) is non-special and
1
2
dimO(e) = (52−36)/2 = 8 = |Φ+|−16. So it is reasonable to assume that Φλ ⊂ Φ
∨
has type B4 or C4. Since the centre of the standard Levi subalgebra l of g with [l, l]
generated by e±α1 is spanned by 3α
∨
1 +6α
∨
2 +4α
∨
3 +3α
∨
4 , 4α
∨
1 +8α
∨
2 +6α
∨
3 +3α
∨
4 and
2α∨1 + 4α
∨
2 + 3α
∨
3 + 2α
∨
4 , Condition (C) for λ+ ρ =
∑4
i=1 ai̟i reads
3a˜1 + 6a˜2 + 4a˜3 + 3a˜4 = 21
4a˜1 + 8a˜2 + 6a˜3 + 3a˜4 = 30
2a˜1 + 4a˜2 + 3a˜3 + 2a˜4 = 16
where a˜i = 2ai. One obvious solution to this system of linear equations is (a˜1, a˜2, a˜3, a˜4) =
(1, 1, 2, 2), which leads to
λ+ ρ = 1
2
̟1 +
1
2
̟2 +̟3 +̟4.
Using [4, Planche VIII] it is easy to check that λ + ρ = 4ε1 +
3
2
ε2 + ε3 +
1
2
ε4. Then
Φλ contains
β∨1
oo β∨2 β
∨
3 β
∨
4
where β1 = ε2 − ε4, β2 = ε4, β3 =
1
2
(ε1 − ε2 − ε3 − ε4) and β4 = ε3. Hence Φλ
contains a root subsystem of type B4. From the maximality in Φ
∨ of root subsystems
of type B4 it follows that β
∨
1 , β
∨
2 , β
∨
3 , β
∨
4 form the basis of Φλ contained in (Φ
+)∨.
Since 〈λ+ ρ, α∨1 〉 6∈ Z
>0, dimO(e) = |Φ| − |Φλ|, and 〈λ+ ρ, β
∨
i 〉 ∈ Z
>0 for 1 ≤ i ≤ 4,
we see that λ + ρ satisfies Condition (A) and VA(Iλ)) = O(e). Since e has standard
Levi type, λ+ ρ satisfies all Losev’s conditions. As ge = [ge, ge] we thus deduce that
I(−1
2
(̟1+̟2)) is the only multiplicity-free primitive ideal of XO(e). We thus recover
the well-known Joseph ideal of U(g).
5.2. Type (F4, A˜1). We choose the following pinning for e:
◦ ◦ // • ◦
and take τ = (0,−2, 2,−1) as our optimal cocharacter. Since dim ge = 30, the total
number of 0-roots and 1-roots is (30− 4)/2 = 13. The roots are given below.
0-roots 1-roots
1000, 1110, 0110, 1220, 0122, 0011, 0121, 1121, 1231.
1122, 1232, 1342, 2342.
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The (1, 2, 4)-contributions of 0-roots and 1-roots are (8, 14, 10) and (2, 4, 4), respec-
tively, and the total contribution of all roots is (5, 9, 7).
The orbit O(e) is special and e∨ ∈ g∨ has type F4(a1). Since the Dynkin diagram
of Φ∨ has the form
◦ ◦ oo ◦ ◦
we may assume that 1
2
h∨ = 1011. The centre of the standard Levi subalgebra l of g
with [l, l] generated by e±α3 is spanned by 2α
∨
1+3α
∨
2+2α
∨
3+α
∨
4 , 3α
∨
1 +6α
∨
2+4α
∨
3+2α
∨
4
and 2α∨1 + 4α
∨
2 + 3α
∨
3 + 2α
∨
4 . Therefore, Condition (C) for λ+ ρ =
∑4
i=1 ai̟i reads
2a1 + 3a2 + 2a3 + a4 = 5
3a1 + 6a2 + 4a3 + 2a4 = 9
2a1 + 4a2 + 3a3 + 2a4 = 7
where ai ∈ Z. Clearly, (a1, a2, a3, a4) = (1, 1,−1, 2) is a nice solution to this system
of linear equations, and it leads to
λ + ρ = ̟1 +̟2 − 2̟3 +̟4 = s3s2(
1
2
h∨).
Set µ := 1
2
h∨ − ρ. Then µ ∈ P+(Φ) and Π0µ = {α2} = τ(s3s2), so that
d
(
U(g)/I(λ)
)
= d
(
U(g)/I(s3s2  µ)
)
= d
(
U(g)/I(s3s2  ν)
)
= d
(
U(g)/I(s2s3  ν)
)
for any regular ν ∈ P+(Φ); see [22, Corollar 10.10]. Since α2, α3 ∈ Π span a root
subsystem of type B2 in Φ we now apply [22, 10A.2] to deduce that
d
(
U(g)/I(s2s3  ν)
)
= d
(
U(g)/I(s2  ν)
)
= d
(
U(g)/I(s2  µ)
)
= d
(
U(g)/I(µ)
)
.
In view of [2, Proposition 5.10], this yields dimVA(I(λ)) = dimVA(I(1
2
h∨ − ρ)) =
dimO(e). But then I(λ) = I(1
2
h∨) by the maximality of I(1
2
h∨ − ρ). In particular,
VA(I(λ)) = O(e) implying that Condition (B) holds for λ+ρ. Note that Condition (A)
holds for λ+ ρ by our choice of pinning and Condition (D) is vacuous in the present
case. Since ge = [ge, ge] by [12], we conclude that I(λ) = I(
1
2
h∨− ρ) = I(−̟2) is the
only multiplicity-free primitive ideal in XO(e).
5.3. Type (F4,A1 + A˜1). This orbit is special and e
∨ ∈ g∨ has type F4(a2), so that
1
2
h∨ = 1010. Keeping this in mind, we choose our pinning for e as follows:
◦ • // ◦ •
and take τ = (−1, 2,−2, 2) as an optimal cocharacter Since dim ge = 24, the total
number of 0-roots and 1-roots is (24− 4)/2 = 10 and roots are displayed below.
0-roots 1-roots
0110, 0011, 0121, 2342. 1100, 1111, 1122, 1221, 1232, 1342.
The (1, 3)-contributions of 0-roots and 1-roots are (2, 8) and (6, 12), respectively,
and the total contribution of all roots is (4, 10). The centre of the standard Levi
subalgebra l of g with [l, l] generated by e±α2 and e±α4 is spanned by 2α
∨
1 + 3α
∨
2 +
2α∨3 +α
∨
4 and 4α
∨
1 +8α
∨
2 +6α
∨
3 +3α
∨
4 . So Condition (C) for λ+ ρ =
∑4
i=1 ai̟i reads
2a1 + 3a2 + 2a3 + a4 = 4
4a1 + 8a2 + 6a3 + 3a4 = 10
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where ai ∈ Z. One obvious solution to this system of linear equations is given by
(a1, a2, a3, a4) = (1, 0, 1, 0), which leads to λ + ρ =
1
2
h∨. This weight satisfies Condi-
tion (A) by our choice of pinning, whilst Condition (D) is again vacuous. Combining
[2, Proposition 5.10] with [12] we conclude that I(λ) = I(−̟2 − ̟4) is the only
multiplicity-free primitive ideal in XO(e).
5.4. Type (F4,A2 + A˜1). Here our pinning for e is
• • // ◦ •
and our optimal cocharacter is τ = (2, 2,−3, 2). Since dim ge = 18, the total num-
ber of 0-roots and 1-roots is (18 − 4)/2 = 7. These roots are listed below. The
0-roots 1-roots
1121, 0122, 1220, 1342. 1110, 0111, 1232.
3-contributions of 0-roots and 1-roots are 10 and 5, respectively, and the total contri-
bution of al roots is 15
2
. The orbit O(e) is non-special and 1
2
dimO(e) = (52−18)/2 =
17 = |Φ+| − 7. So it is reasonable to assume that Φλ ⊂ Φ
∨ has type A3 + A˜1 (a priori
it may happen that Φλ has type D4, but a closer look reveals that this cannot occur).
Since the centre of the standard Levi subalgebra l of g with [l, l] of type A2 + A˜1 is
spanned by 4α∨1 + 8α
∨
2 + 6α
∨
3 + 3α
∨
4 , Condition (C) for λ+ ρ =
∑4
i=1 ai̟i reads
4a˜1 + 8a˜2 + 6a˜3 + 3a˜4 = 30
where a˜i = 4ai for all 1 ≤ i ≤ 4. One obvious solution to this linear equation is
(a˜1, a˜2, a˜3, a˜4) = (1, 1, 2, 2), which leads to
λ + ρ = 1
4
̟1 +
1
4
̟2 +
1
2
̟3 +
1
2
̟4.
Our discussion in Subsection 5.1 implies that λ + ρ = 2ε1 +
3
4
ε2 +
1
2
ε3 +
1
4
ε4. Then
Φλ contains
γ∨1 γ
∨
2 γ
∨
3 γ
∨
4
where γ1 =
1
2
(ε1 − ε2 − ε3 + ε4), γ2 = ε3, γ3 =
1
2
(ε1 + ε2 − ε3 − ε4) and γ4 = ε2 + ε4.
Furthermore, using [4, Planche VIII], it is straightforward to check that
Φ∨λ ∩ Φ
+ = {ε1, ε3, ε2 + ε4,
1
2
(ε1 + ε2 ± ε3 − ε4),
1
2
(ε1 − ε2 ± ε3 + ε4)}.
From this description it is immediate that that γ∨1 , γ
∨
2 , γ
∨
3 , γ
∨
4 form the basis of Φλ
contained in (Φ+)∨. Condition (A) holds for λ + ρ because 〈λ + ρ, β∨〉 6∈ Z>0 for
all positive roots contained in the root subsystem of Φ spanned by α1, α2, α4. Since
dimO(e) = |Φ| − |Φλ| and 〈λ+ ρ, γ
∨
i 〉 ∈ Z
>0 for 1 ≤ i ≤ 4, it follows that VA(Iλ)) =
O(e). Since e has standard Levi type, λ + ρ satisfies all Losev’s conditions. As
ge = [ge, ge] we thus deduce that I(−
3
4
̟1−
3
4
̟2−
1
2
̟3−
1
2
̟4) is the only multiplicity-
free primitive ideal of XO(e).
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5.5. Type (F4, A˜2 + A1). In this case ge = Ce ⊕ [ge, ge] and according to [19] the
algebra U(g, e) affords 2 one-dimensional representations. Our goal in this subsection
is to find Duflo realisations of the corresponding primitive ideals of U(g). The pinning
for e is unique:
• ◦ // • •
and we chose τ = (2,−5, 2, 2) as out optimal cocharacter. Since dim ge = 16, the
total number of 0-roots and 1-roots is (16 − 4)/2 = 6. These roots are listed below.
The 2-contributions of 0-roots and 1-roots are 4 and 6, respectively, and the total
0-roots 1-roots
1222, 1231. 1120, 0121, 1111, 2342.
contribution of al roots is 5. The orbit O(e) is non-special and 1
2
dimO(e) = (52 −
16)/2 = 18 = |Φ+| − 6. So it is reasonable to assume that Φλ has type A2 + A˜2. Since
the centre of the standard Levi subalgebra l of g with [l, l] of type A1 + A˜2 is spanned
by 3α∨1 + 6α
∨
2 + 4α
∨
3 + 2α
∨
4 , Condition (C) for λ+ ρ =
∑4
i=1 ai̟i reads
3a˜1 + 6a˜2 + 4a˜3 + 2a˜4 = 15
where a˜i = 3ai for all 1 ≤ i ≤ 4. One obvious solution to this linear equation is
(a˜1, a˜2, a˜3, a˜4) = (1, 1, 1, 1), which leads to
λ+ ρ = 1
3
̟1 +
1
3
̟2 +
1
3
̟3 +
1
3
̟4 =
1
3
ρ.
Using [4, Planche VIII] one observes that λ + ρ = 11
6
ε1 +
5
6
ε2 +
1
2
ε3 +
1
6
ε4. Then Φλ
contains
γ∨1 γ
∨
2 γ
∨
3 γ
∨
4
where γ1 = ε1− ε2, γ2 = ε2+ ε4, γ3 = ε3 and γ4 =
1
2
(ε1+ ε2− ε3− ε4). Furthermore,
direct verification based on the above expression for λ+ ρ shows that
Φλ ∩ (Φ
+)∨ = {γ∨1 , γ
∨
2 , γ
∨
3 , γ
∨
4 }.
Since 〈λ + ρ, β∨〉 6∈ Z>0 for all positive roots contained in the root subsystem of Φ
spanned by α1, α3, α4, Condition (A) holds for λ + ρ. Since dimO(e) = |Φ| − |Φλ|
and 〈λ + ρ, γ∨i 〉 ∈ Z
>0 for 1 ≤ i ≤ 4, we deduce that VA(Iλ)) = O(e). Since e has
standard Levi type, it follows that λ + ρ satisfies all Losev’s conditions and hence
I(λ) = I(−2
3
ρ) is a multiplicity-free primitive ideal of XO(e).
In order to find a highest weight λ′ + ρ =
∑4
i=1 bi̟i, leading to the second
multiplicity-free primitive ideal in XO(e) we again impose that Φλ′ = Φλ. Using
[4, Planche VIII] we compute:
λ′ + ρ = b1(ε1 + ε2) + b2(2ε1 + ε2 + ε3) + b3(
3
2
ε1 +
1
2
ε2 +
1
2
ε3 +
1
2
ε4) + b4ε1
= (b1 + 2b2 +
3
2
b3 + b4)ε1 + (b1 + b2 +
1
2
b3)ε2 + (b2 +
1
2
b3)ε3 +
1
2
b3ε4.
Since (λ′ + ρ | ε1 − ε2) ∈ Z
>0, (λ′ + ρ | ε2 + ε4) ∈ Z
>0, 2(λ′ + ρ | ε3) ∈ Z
>0 and
2(λ′+ρ | ε1+ε2−ε3−ε4) ∈ Z
>0, it must be that b2+b3+b4 ∈ Z
>0, b1+b2+b3 ∈ Z
>0,
2b2 + b3 ∈ Z
>0 and 2b1 + 2b2 + b3 + b4 ∈
1
2
Z>0. Recall that bi ∈
1
3
Z for all 1 ≤ i ≤ 4
and 3b1 + 6b2 + 4b+ 2b4 = 5 due to Condition (C). We seek a small positive value of
(λ′ + ρ | ε1 − ε2), but we cannot take 1 as we also require that λ
′ + ρ 6∈ W · (λ + ρ).
So we impose that (λ′ + ρ | ε1 − ε2) = 2.
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Setting (b1, b2, b3, b4) = (−
1
3
,−1
3
, 5
3
, 2
3
) we obtain a solution which satisfies all the
requirements mentioned above and leads to
λ+ ρ = −1
3
̟1 −
1
3
̟2 +
5
3
̟3 +
2
3
̟4 =
13
6
ε1 +
1
6
ε2 +
1
2
ε2 +
1
2
ε3 +
5
6
ε4.
It is straightforward to check that 〈λ′ + ρ, γ∨i 〉 ∈ Z
>0 for 1 ≤ i ≤ 4 and 〈λ′ + ρ, β∨〉 6∈
Z>0 for all β ∈ Φ+ that can be expressed as a linear combination of α1, α3, α4. As
λ′+ ρ and −λ− ρ have the same image in P (Φ)/1
3
P (Φ), we also have that Φλ = Φλ′ .
Arguing as before we now deduce that λ′ + ρ satisfies all Losev’s conditions. As a
consequence, I(−4
3
̟1−
4
3
̟2+
2
3
̟3−
1
3
̟4) is another multiplicity-free primitive ideal
of XO(e). Using the above expressions for λ+ ρ and λ
′ + ρ in the ε-basis, it is easy to
check that (λ+ ρ | λ+ ρ) 6= (λ′ + ρ | λ′ + ρ). Therefore, I(λ) 6= I(λ′).
5.6. Type (G2,A1). In the next two subsections our root system Φ has type G2 and
Π = {α1, α2} where α1 is a short root. In the present case, we can chose e and τ such
that e = eα2 and τ = (−1, 2). The orbit O(e) is non-special and dim ge = 8. Since
dim g − dim g2 = |Φ| − 6, it is reasonable to assume that Φλ has type A2 and hence
consists of all long roots of Φ∨. The number of 0-roots and 1-roots is (8 − 2)/2 = 3
and the roots are 2α1 + α2, α1 + α2 and 3α1 + 2α2. The total α1-contribution of all
roots is (2 + 1 + 3)/2 = 3.
In view of the above we may assume that λ+ ρ = a1̟1 + a2̟2 where a1, a2 ∈
1
3
Z.
Since the centre of the standard Levi subalgebra l with [l, l] generated by e±α2 is
spanned by 2α∨1 + 3α
∨
2 , Condition (C) for λ+ ρ reads
2a1 + 3a2 = 3.
Setting (a1, a2) = (1,
1
3
) we obtain a nice solution to this linear equation leading to
λ+ ρ = ̟1 +
1
3
̟2.
Using [4, Planche IX] it is straightforward to check that 〈λ + ρ, γ∨〉 ∈ Z if and only
if γ is a short root. Then Φλ consists of all long roots of Φ
∨ as desired. Since
〈λ+ ρ, γ∨〉 ∈ Z>0 for all positive short roots γ ∈ Φ and 〈λ+ ρ, α∨2 〉 6∈ Z
+, we argue as
in the previous cases to conclude that I(λ) = I(−2
3
̟2) is a multiplicity-free primitive
ideal of XO(e). Such an ideal is unique because ge = [ge, ge]. So it should not come as
a surprise that I(λ) coincides with the Joseph ideal of U(g).
5.7. Type (G2, A˜1). We have finally come to our last case where e = eα1 (recall
that α1 is the simple short root in Π). Then ge = Ce ⊕ [ge, ge] and hence we may
expect U(g, e) to afford at least 2 one-dimensional representations. In fact, [19] shows
that there exactly two of them. The orbit O(e) is non-special and dim ge = 6. Since
dimO(e) = 14− 6 = 8 = |Φ| − 4, we should seek λ + ρ = a1̟1 + a2̟2 such that Φλ
has type A1 + A˜1. For that to hold, a1 and a2 must be half-integers. We may also
assume that τ = (2,−3). The number of 0-roots and 1-roots is (6 − 2)/2 = 2, and
the roots are 3α1+2α2 and 2α1+α2, respectively. The total α2-contribution of these
roots is (2 + 1)/2 = 3
2
. Since the centre of the standard Levi subalgebra l with [l, l]
generated by e±α1 is spanned by α
∨
1 + 2α
∨
2 , Condition (C) for λ+ ρ reads
a1 + 2a2 =
3
2
.
Clearly, (a1, a2) = (
1
2
, 1
2
) is a nice solution to this linear equation, and it leads to
λ+ ρ = 1
2
ρ = −1
2
ε1 − ε2 +
3
2
ε3.
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Using [4, Planche IX] it is easy to check that Φ∨λ ∩ Φ
+ = {γ1, γ2} where γ1 = ε3 − ε1
and γ2 = −2ε2 + ε1 + ε3. Since 〈λ+ ρ, α
∨
1 〉 6∈ Z
>0 and 〈λ + ρ, γ∨i 〉 ∈ Z
>0 for i = 1, 2,
we now can argue as before to conclude that λ+ ρ satisfies all Losev’s conditions.
In order to find another highest weight, λ′ + ρ = b1̟1 + b2̟2, leading to a
multiplicity-free primitive ideal of XO(e) we shall once again assume that Φλ = Φλ′ .
Then b2 ∈
1
2
Z and b1 =
3
2
−2b2 thanks to Condition (C). Since ̟1 = 2α1+α2 = ε3−ε2
and ̟2 = α˜ = 3α1 + 2α2 = 2ε3 − ε1 − ε2, we obtain
λ′ + ρ = (3
2
− 2b2)(ε3 − ε2) + b2(2ε3 − ε1 − ε2)
= 3
2
ε3 + (b2 −
3
2
)ε2 − b2ε1.
As a consequence,
〈λ′ + ρ, γ∨1 〉 = 2(λ
′ + ρ | ε3 − ε1) =
3
2
+ b2 ∈ Z
>0
〈λ′ + ρ, γ∨2 〉 =
2
6
(λ′ + ρ | − 2ε2 + ε1 + ε3) =
3
2
− b2 ∈ Z
>0.
As b2 ∈
1
2
Z, we have only two solutions, namely, b2 = ±
1
2
. Setting b2 =
1
2
yields
λ+ρ = 1
2
ρ which we have already met, whilst setting b = −1
2
gives λ′+ρ = 5
2
̟1−
1
2
̟2
which is what we are looking for. As 〈λ′ + ρ, α∨1 〉 6∈ Z
>0 and 〈λ′ + ρ, γ∨i 〉 ∈ Z
>0 for
i = 1, 2, we see that I(λ) = I(1
2
ρ) and I(λ′) = I(3
2
̟1 −
3
2
̟2) are multiplicity free
primitive ideals of XO(e). Using the above expressions for λ + ρ and λ
′ + ρ in the
ε-basis it is easy to check that (λ+ ρ |λ+ ρ) 6= (λ+ ρ |λ′ + ρ). Hence I(λ) 6= I(λ′).
Remark 5.1. The primitive ideals I(λ) and I(λ′) from Subsection 5.7 were first dis-
covered by Joseph [26] who proved, by using his Goldie rank polynomials, that they
are multiplicity free and exhaust the whole set of completely prime primitive ideals in
XO(e). He also claimed without a proof that the corresponding graded ideals gr(I(λ))
and gr(I(λ′)) of the symmetric algebra S(g) are prime. This is, of course, a remark-
able property possessed only by some very special primitive ideals. However, Joseph’s
claim was later refuted by Vogan who showed in [45] that the ideal gr(I(λ)) cannot
be prime and conjectured the primeness of gr(I(λ′)); see [45, Conjecture 5.6]. It seems
that this conjecture is still open. The complete primeness of I(λ) was later reproved
by Levasseur and Smith [29] who used a completely different method involving the
Joseph ideal in type B3.
Vogan also proved in [45] that the primitive ideals of U(g) arising as left (or right)
annihilators of Harish-Chandra bimodules associated with irreducible unitary repre-
sentations of the complex Lie group G are always completely prime. His argument is
quite short and relies on a ring-theoretic lemma due to Kaplansky. To add more spice
to this story we mention that only one of the completely prime ideals I(λ) and I(λ′)
can be attached (in a meaningful way) to an irreducible unitary representation of the
complex Lie group of type G2. This follows from Duflo’s classification of irreducible
unitary representations of the complex Lie groups of rank 2; see [15].
Suppose e is a rigid nilpotent element in a finite dimensional simple Lie algebra g.
The above remark brings up the following important and challenging problems:
1. Describe all primitive ideals I ∈ XO(e) for which gr(I) is a prime ideal of S(g)
(such ideals are necessarily multiplicity free). Is it true that the subset of such
ideals in XO(e) is always non-empty?
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2. Describe all multiplicity-free primitive ideals I ∈ XO(e) which arise as left (or
right) annihilators of Harish-Chandra bimodules associated with irreducible
unitary representations of the complex Lie group G. Is it true that the subset
of such ideals in XO(e) is always non-empty?
3. Describe the rigid orbits O(e) for which all completely prime ideals in XO(e)
are multiplicity free. Is it true that all rigid orbits in g have this property?
Remark 5.2. Levasseur and Smith showed in [29] that the orbit from Subsection 5.7
has a non-normal Zariski closure in g. Comparing the results of this paper with results
of Kraft–Procesi, Broer and Sommers on orbits with normal closures one observes that
for any rigid nilpotent element e in a finite dimensional simple Lie algebra g of type
other than E7 and E8 the affine variety O(e) ⊂ g is normal if and only if the algebra
U(g, e) affords a unique one-dimensional representation. This statement is likely to
hold for all simple Lie algebras, but verifying it for types E7 and E8 would require
more information on nilpotent orbits with normal Zariski closures than is currently
available in the literature. A possible link between normality and the number of
one-dimensional representations of U(g, e) for e rigid was suggested to the author by
Thierry Levasseur.
Remark 5.3. A well-known conjecture of McGovern states that any non-maximal com-
pletely prime primitive ideal of U(g) is parabolically induced from a completely prime
primitive ideal of U(l) for some proper Levi subalgebra l of g; see [34, Conjecture 8.3].
One can see by inspection that the primitive ideals I constructed in this paper have
the form I = AnnU(g) L(λ) for some λ ∈ Λ
+. Therefore, all of them are maximal in
U(g). In conjunction with [42, Theorem 5] and some results on the number of one-
dimensional U(g, e)-modules proved in [41] this shows that McGovern’s conjecture
holds true for all multiplicity-free primitive ideals of U(g) whose associated varieties
are not listed in [42, Table 0]. That list contains just one induced orbit in types E6,
E7, F4 and four induced orbits in type E8.
In the table that follows we collect some information on rigid orbits in exceptional
Lie algebras. One should keep in mind that the expressions for 2ρe =
∑ℓ
i=1miαi in
the sixth column of the table are tied up with our choice of pinning for e. Here our
convention is that
2ρe =
m1 m3 m4
m2
m5 ··· mℓ , 2ρe = m1m2m3m4, 2ρe = m1m2
in types Eℓ, F4 and G2, respectively. The seventh column of the table contains the
values of 1
2
h∨ − ρ for all nonzero special rigid orbits in exceptional Lie algebras. We
note that the Dynkin labels of O(e) for e rigid and of O(e∨) ⊂ g∨ for e special rigid are
listed in [32, pp. 4861, 4862]. The dimensions of the centralisers of nilpotent elements
e in exceptional Lie algebras g and the isomorphism classes of the component groups
Γ = Ge/G
◦
e can be found in many places; see [8, pp. 401–407], for example. Finally,
in [12] one can find the values of dim
(
ge/[ge, ge]
)
for all such e.
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Some data for nonzero rigid orbits in exceptional Lie algebras
Type Dynkin label Γ |Φ+(0)| |Φ+(1)| 2ρe
1
2
h∨ − ρ |E|
E8 A1 1 63 28 72 142 224106
172 132 90 46 −̟4 1
E8 2A1 1 42 32 60 118 18288
142 116 74 38 −̟4 −̟6 1
E8 3A1 1 37 27 56 103 15777
125 100 66 34 1
E8 4A1 1 28 28 46 94 13571
113 84 60 29 1
E8 A2 + A1 S2 30 22 44 86 13065
104 83 54 28 −
∑
i=2,3,5,7̟i 1
E8 A2 + 2A1 1 23 24 40 80 11660
98 76 50 26 −
∑
i=2,3,5,6̟i 1
E8 A2 + 3A1 1 22 21 38 73 10554
87 66 46 23 1
E8 2A2 + A1 1 21 18 34 68 9850
80 63 42 22 1
E8 A3 + A1 1 21 17 32 68 9749
79 64 42 22 2
E8 2A2 + 2A1 1 16 20 33 63 9046
76 56 38 21 1
E8 A3 + 2A1 1 16 18 30 60 8744
72 56 37 19 1
E8 D4(a1) + A1 S3 16 16 28 56 8442
68 52 37 18 −
∑
i 6=4,7̟i 1
E8 A3 + A2 + A1 1 14 15 26 51 7538
62 48 33 17 1
E8 2A3 1 12 14 23 47 6734
55 42 29 14 1
E8 A4 + A3 1 8 12 18 36 5428
44 34 23 11 1
E8 A5 + A1 1 8 11 19 36 5427
43 33 21 11 ≥ 2
E8 D5(a1) + A2 1 8 11 18 34 5226
42 33 23 11 ≥ 2
E7 A1 1 30 16 26 50 8037
57 40 21 −̟4 1
E7 2A1 1 21 16 22 42 6431
47 36 17 −̟4 −̟6 1
E7 (3A1)
′ 1 16 15 20 35 53
26
40 30 15 1
E7 4A1 1 15 13 17 36 4825
38 26 14 1
E7 A2 + 2A1 1 10 12 14 27 3819
30 22 11 −
∑
i 6=1,4,7̟i 1
E7 2A2 + A1 1 8 10 11 23 3217
25 18 9 1
E7 (A3 + A1)
′ 1 8 9 10 22 31
16
24 18 9 2
E6 A1 1 15 10 12 22 3516
22 12 −̟4 1
E6 3A1 1 7 9 9 15 2211
15 9 1
E6 2A2 + A1 1 3 6 5 10 148
10 5 1
F4 A1 1 9 7 14 21 30 16 1
F4 A˜1 S2 9 4 10 18 27 14 −̟2 1
F4 A1 + A˜1 1 4 6 8 15 20 12 −̟2 −̟4 1
F4 A2 + A˜1 1 4 3 5 11 15 8 1
F4 A˜2 + A1 1 2 4 6 10 14 7 2
G2 A1 1 2 1 6 4 1
G2 A˜1 1 1 1 5 3 2
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